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A series of kinetic phenomena in metallic multilayers has been considered. The kinetic properties of 
multilayers differ essentially from the properties of both massive metals and thin films. One of the 
main reasons of that is the influence of electron interaction of electrons with interfaces between 
layers. From one hand, this interaction leads to the additional electron scattering and conductivity of 
multilayer may be noticeably less than specific conductivities of composing metals. From the other 
hand, the electron reflection from interfaces in a strong magnetic field may results in considerable 
increasing of conducting properties in consequence of the static skin effect. Due to changing of 
electron trajectories after collisions with interfaces new types of periodic motion in the magnetic 
field and therefore new size and resonance phenomena in high frequency fields appear.  In thin 
normal layers on the superconducting substrate, changing of trajectories is due to Andreev 
reflection and resonance effects, which do not exist in normal multilayers, films, and bulk 
monocrystals, take place. In multilayers consisting of ferromagnetic and nonmagnetic metals, the 
internal magnetic field in ferromagnetic layers must be taken into account, if the Larmor radius in 
this field is comparable with the layer thickness. Because of the mutual diffusion of metals, the 
kinetic coefficients of multilayers are changed in time. The investigation of this changing may be 
used for determination of diffusion coefficient for the bulk and grain-boundary diffusion. The 
effects, which have been analyzed theoretically in this review, can be used for the obtaining 
information on the electron interaction with interfaces in conducting multilayers.  
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1. INTRODUCTION 
 
The significant progress in microelectronics in many respects is obliged to making use of layered 
structures, such as heterostructures, semiconducting superlattices, and different types of multilayers, 
which have unique physical properties. For this reason investigations of electron phenomena in 
various layered structures have arisen an extensive interest.  Multilayers, which are periodic 
systems formed by alternating layers of different metals or semiconductors, are widely used as 
elements of modern microelectronic devices. Their physical properties essentially depend on 
electron interaction with interfaces between layers.   
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Magnetic multilayers (MML) whose periodic structure contains a ferromagnetic layer as an ele-
ment, display especially interesting properties (see, for example, the review [1]). Among them, the 
giant magnetoresistance (GMR) [2] is one of the most striking and significant for applied tasks 
effects displayed by MML. In the absence of magnetic field, the magnetic moments M  in adjacent 
ferromagnetic ( )F  layers separated by a nonmagnetic ( )N  layer are antiparallel because of indirect 
RKKY interaction between the F -layers. The application of a magnetic field H  applied parallel to 
the interfaces of a MML leads to an alignment of magnetic moments M  in F -layers along the 
vector H . At the same time, the sample resistance decreases. The magnetoresistance decreasing 
even in a quite weak magnetic field may be very significant (sometimes exceeding 100%!) and so it 
was called giant magnetoresistance. The assumption about the dominating role of electron 
scattering at the internal boundaries, which depends on the spin of electrons, seems to be, the most 
well founded hypothesis about the origin of GMR [1 - 3]. It is based on the well-known fact that the 
cross-sections of scattering of charge carriers with different spin by magnetic impurities are 
different in view of the dependence of the density of electron states at the Fermi surface on a spin 
direction [4]. GMR was observed [2] for the first time in the MML Fe/Cr, and investigated 
subsequently for quite different combinations of ferromagnetic and nonmagnetic metals. 
In last years, the interest to a study of the mutual influence of ferromagnetism and 
superconductivity in artificial heterostructures superconductor-ferromagnetic ( )FS −  has grown too 
much [5-8]. It was found that a critical temperature of such systems is a nonmonotonic function of 
the F-layer thickness and very sensitive to the transparency of FS − interface. The possibility of 
tunneling of Cooper pairs through the FS −  interface make it possible to realize the 
unconventional superconductivity in the F -layer. 
Great number of theoretical and experimental papers deals with investigations of electron 
phenomena in semiconducting superlattices. A period of these artificial lattices is imposed by the 
technology of production and it essentially exceeds interatomic distances. A week conductivity of 
superlattice across the layers in comparison with conductivity along the layers causes a noticeable 
dissipation of an electron current, which flows across the layers. As a result, in semiconducting 
superlattice a current-voltage characteristic is nonlinear at relatively small current densities (see, for 
example, [9-12] and references in it).  
The experimental investigations of conductivity of multilayers of nontransient metals were 
started in 1965 by Lukas [12], who measured the specific resistance of double-layer gold film 
(DLF).  He has found that the dependence of the DLF resistance on its thickness was differing 
essentially from analogous dependence of a single layer film. Subsequent experiments had shown 
that the conductivity of double-layer system depends nonmonotonically on the sample thickness. 
This effect may result from periodically changes of reflection conditions for electrons at the 
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interface or by the quantum size effect.  
In a magnetic field, the dependence of kinetic coefficients of multilayers of nontransition metals 
on the electron interaction with interfaces is more essential, because at low temperatures in pure 
conductors the electron mean path is about few millimeters, and ballistic effects became most 
pronounced. In this connection, we conceive that multilayers of nontransition metals will be used 
for modern microelectronics.   
The aim of our review is to show a variety of physical phenomena in multilayers consisting of 
metal layers, which possess high electrical conductivity.  
2. FORMULATION OF THE PROBLEM AND SOLUTION OF THE KINETIC 
EQUATION. 
 
Let us consider a multilayer consisting from two types of metal layers with interfaces intx x= , 
which are parallel to surfaces sx x=  of a sample (Fig.1). The boundaries between layers will be  
 
 
Figure 1.  Model of a metallic multilayer. In the absence of diffuse electron scattering momenta p , 
'p  and "p  are related by Eqs. (2.5), (2.6).  
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simulated by ideal plane (in real systems, the width of the transition layer does not exceed 10A
D
 as a 
rule). A normal to the boundaries is parallel to x axis. For simplicity the size of the specimen in yz   
plane we assume to be infinite. Because of homogeneity of the problem in the plane of interfaces all 
characteristics, such as a current density, electrical field and so on, will depend only on 
x coordinate. The thicknesses nd  ( )1, 2n =  of the layers are assumed much larger than the de 
Broglie wavelength of electrons. Combined with the fact that magnetic quantization of the energy 
spectrum of electrons in a quite week magnetic field can be disregarded, this allows us to confine 
the analysis to the quasiclassical approximation.  
The microscopic analysis of an interaction of an electron with a real interface is extremely 
complicated. For this reason, the phenomenological approach, which was proposed by Kaganov and 
Fiks in Ref. [13], is applied frequently. In the quasiclassical approximation, the reflection and the 
transmission of charge carriers are described by using the boundary conditions for the 
nonequiltbrium  electron  distribution  function. A subsequent comparison of the theoretical results 
with experimental data will permit determining the transmission and scattering probabilities for 
charge carriers colliding with the boundary separating the layers. 
In this review, we shall consider only linear response of the metal to an external perturbation. 
The kinetic equation for the nonequiltbrium addition 0 0( ) ( , , )n
n
f x tε∂ Ψ∂ p  to the Fermi distribution 
function 0 ( )nf ε  in the n-th layer, linearized with respect to the perturbation (for example, the 
electrical field E ), can be presented in the form 
[ ] ( )0
0
, , { },n n nxn n n
ev g x t I
t x c
∂Ψ ∂Ψ ∂Ψ+ + = + Ψ∂ ∂ ∂v H pp                        (2.1) 
where e , r , and p  are the charge, coordinate, and momentum of an electron, respectively; ( )nε p  
and /n nε= ∂ ∂v p  are an electron energy and velocity in n-th layer; H  is a strength of a magnetic 
field; 0t  is a “time” (in stationary fields the derivative of nΨ  over 0t  is equal to zero);  { }nI Ψ  is 
collision integral, which describes a bulk scattering of electrons. Below we use the τ-approximation 
for { }nI Ψ  
1{ }n n
n
I τΨ = − Ψ ,                                                         (2.2) 
where nτ  is effective mean free time between bulk collisions in the n − th layer. The function 
( )0, ,g x tp  depends on the type of nonequilibrium perturbation of electrons, and for electrons in an 
electrical field it is equal to ne v E . The index n  indicates the layers with which the corresponding 
quantity is related. Describing an interaction of electrons with interface, we use the boundary 
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conditions obtained by Ustinov [14], which automatically ensures that the normal component of the 
current is conserved. The boundary conditions connect the distribution function ( )nΨ p  of 
electrons flying into the n-th layer on the interface intx x=  with the distribution functions of charge 
carriers, which incident on the boundary from the same layer ( )n ′Ψ p  or the adjacent layer 
( )m ′′Ψ p : 
int int int 1 2( , ) ( , ') ( , ")
n m
n m
xn n xm ms s
n n m
xn xms s
v v
x P x Q x W W
v v
−
−
Ψ ΨΨ = Ψ + Ψ + +p p p .             (2.3) 
Here 
( )
( )
{ }... ...
n
n F
n
s
n
dS s
vε ε=
Θ= ∫ p
p
;                                              (2.4) 
( )( ) sgnn ns =p N v , ( )nsΘ  is the unit step function, N  is an inner normal to the interface in 
n − th layer; dSp  is an area element at the Fermi surface n Fε ε= , and nv = nv ; Fε  is the Fermi 
energy (we assume that Fermi energies in the layers are equal); 1 2 1P Q W W+ + + = ; P  and Q  are 
the probabilities for charge carriers to be reflected by and to tunnel through the boundary without a 
scattering; 1W  and 2W  are the probabilities for diffusive scattering without and with penetration into 
the neighboring layer.  In order to avoid writing out cumbersome equations, we will assume that the 
probabilities 1, ,P Q W  and 2W  do not depend on the momentum of the charge carriers. The 
momentum p  of electrons reflected from or passing through the interface in Eq. (2.3) is related to 
the momenta 'p  and "p  of the incident charges by the conservation of energy ( )nε p  and the 
tangential component tp of the quasimomentum p : 
( ) ( '),n nε ε=p p        't t=p p ,    ( ) ( )n ns s ′= −p p ,                               (2.5) 
( ) ( "),n mε ε=p p       "t t=p p ,    ( ) ( )n ns s ′′= −p p .                              (2.6) 
We describe the scattering of electrons by the surface sx x=  of the specimen with the help of 
the specularity parameter ( )q p  [15] 
(1 )
( , ) ( , ') ; 1, 2; 1, 1.n
n
i xn n s
n si i n si
xn s
q v
x q x i n N
v
−
−
− Ψ
Ψ = Ψ + = = +p p               (2.7)  
In Eq. (2.7) the momenta p and 'p are related by the condition of specular reflection (2.5).  
The terms in the boundary conditions (2.3), (2.7), containing integrals of the distribution 
functions nΨ  with the velocity component xnv , describe the change in the chemical potential of 
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electrons reflected from and tunneling through the boundary as a result of the diffuseness of the 
scattering. 
In the case of monochromatic perturbation (with frequency ω ) 
( ) ( ) ( ) ( ) ( ) ( )0 0 0 0, , , exp ; , , , exp ;g x t g x i t x t x i tω ω= Ψ = Ψp p p p                  (2.8) 
it is easy to solve Eq. (2.1) using the method of characteristics  and  to represent it in the form  
( ) ( ) ( )( , ) ( ( )) ( , ) ( , ) ( ( ) ( ), )
t
n n n
n x F x x t t dt t t g x x t x t
λ
α λ α′ ′ ′Ψ = − + + −∫p p ;                (2.9) 
 ( ) ( )( )*, ' exp 't t i t tα ω= − ;                                                  (2.10) 
( ) ( ) ( ) ( ),intn nsx x t x x λ− = − .                                                (2.11) 
 Here iω ω τ∗ = + , tλ <  is the “instant for the last collision” of an electron with the surface of the 
specimen or with the interface ,intsx x=  ( ( )tλ  is a root of Eq.(2.11)); t  is the “time”  that the 
electron moves along a ballistic trajectory; 
( ) ( ) ( )
t
n
xnx t dt v t′ ′= ∫ .                                                    (2.12) 
The function ( )( ( ))nF x x t− , remaining constant along the ballistic trajectory of an electron, must be 
obtained with the help of the boundary conditions (2.3),  (2.7).  
Non-homogeneous electrical and magnetic fields in a specimen must be found from Maxwell 
equations. In metals placed in stationary fields the Poison equation for electrical field ϕ= −∇E  can 
be replaced by the electroneutrality condition [16] 
( , ) 0n xΨ =p .                                                      (2.13) 
It is obvious that in view of the homogeneity of the problem   in   the   boundary   plane, the   
potential ( ) ( )y zyE zE xϕ ϕ= − − +r  and Eq. (2.13) can be used for determining the field component 
( )xE x  at right angle to the boundaries. 
If   the   diffusive   scattering   of  electrons at the surfaces and interfaces is   negligible the 
boundary conditions (2.3) and (2.7) can be reduced to the form: 
int int int( , ) ( , ') ( , ")n n mx P x Q xΨ = Ψ + Ψp p p ;                                 (2.14) 
 ( , ) ( , ')n si i n six q xΨ = Ψp p ,                                              (2.15) 
where 1 1; 1 1iP Q q− − −  . Note that the boundary conditions (2.14), (2.15) are valid for any 
surface scattering of electrons, if integral terms in Eqs. (2.3) and (2.7) are small. It is so if, for 
example, the  function ( , )n xΨ p  is a sharp function of the  momentum on  the  Fermi  surface.  As a  
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matter of fact, the using of Eqs. (2.14) and (2.15)  leads to qualitatively right results for kinetic 
coefficients, which describe the electron transport along boundaries in a general case.   
 
3. ELECTRICAL CONDUCTIVITY OF DOUBLE LAYER FILMS. 
 
The existence of an interface between monocrystalline layers of a metal leads to a considerable 
disparity between the dependence of kinetic coefficients of double-layer films (DLF`s) on their 
thickness and the analogous dependence for a single-layer sample. This fact was firstly observed in  
Ref.12 in which the resistance of gold DLF was measured. Subsequent experimental investigations 
showed [12, 17-20] that the specific conductivity of DLF depends nonmonotonically on the sample 
thickness. The problem of electrical conductivity of DLF was firstly theoretically analyzed by 
Lukas [21], who considered a simple situation, in which the existence of the interface does not 
cause an additional scattering of the charge carriers. An attempt to take into account the tunneling 
of conduction electrons through the interface between layers was also made by the authors of 
Ref.22 who described the interaction of electrons with the internal boundary by considering the 
Fuchs generalized boundary conditions [15]. Later, the electrical conductivity of DLF, consisting of 
a base layer with a thin metal film deposited on it, was studied in Refs.23  while a general analytical 
expression was obtained in Refs. 24 and 25 for the electrical conductivity of a DLF having an 
arbitrary ratio of the plate thickness. 
In this chapter, we analyze in detail the size dependence of the electrical conductivity of a DLF. 
It is shown that conductivity changes nonmonotonically with increasing thickness 2d  of a metal 
layer deposited on a base layer of thickness 1d . For 2 1d d<<  this change is determined by the 
interaction of electrons with the boundary between the layers. The electrical conductivity is 
analyzed numerically for a wide range of layer thickness for different values of parameters 
characterizing the interaction of change carriers with the interface between layers and the surfaces 
of a DLF [26, 27].  
 
3.1 Films with monocrystalline structure  
 
Let us consider a DLF of thickness 1 2d d d= +  formed by monocrystalline layers of a metal (Fig.2), 
in which external electric field E  is applied. By substituting ( , )i xΨ p  in the form (2.9) (for 0ω = ) 
into the boundary condition (2.14) and (2.15), we obtain a set of four linear algebraic equations that 
allows the calculation of the functions iF : 
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Figure 2 Model of a double-layer metal film. The broken line shows schematically the possible 
trajectory of a conduction electron.  
 
( )( ){ ( )( )}1,21,4 1k k i k j m k j k j m j m iqF P q P Q q QD ϕ α ϕ α α α ϕ α ϕ α α ϕ= + − + + + ;            (3.1) 
( ) ( )( ) ( ){ }2 22,3 1 i i i k k j m j k j mF q P q Q P Q qD ϕ α ϕ α α ϕ α ϕ= + + − + + .       (3.2) 
Here 
( ) ( )
1 2exp ;
i i
i
i
λ λα τ
⎧ ⎫−⎪ ⎪= ⎨ ⎬⎪ ⎪⎩ ⎭
                                                      (3.3) 
( ) ( )
( )
( )
2
1
2exp ,
i
i
i
i
i
tdt t
λ
λ
λϕ τ
⎧ ⎫′ −⎪ ⎪′ ′= ⎨ ⎬⎪ ⎪⎩ ⎭∫ v E                                              (3.4) 
( )( ) 21 1 2 2 3 4 1 2 1 2 3 41 1D Pq Pq Q q qα α α α α α α α= − − − ; 
( )
1
iλ  and ( )2iλ  are two successive moments  ( ( ) ( )1 2i iλ λ< ) of collision of an electron with the 
boundaries (see, Fig.2). The quantities iα  and iϕ  have the meaning of the probability of an electron 
moving without scattering in the bulk over a segment of the trajectory between two collisions and 
the energy acquired by this electron in an electric field over this segment.  
Knowing the electron distribution function in each layer of the DLF, we can calculate the mean 
current density j :  
2
3
1 0
2 ( , ).
id
i i
i i
dSe dx x
vdh =
= Ψ∑ ∫ ∫ pj v p                                      (3.5)  
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The conductivity yj Eσ =  of   the DLF can be written in the form:  
2
0
1
1
i i i
i
d
d
σ σ
=
= Φ∑ ,                                               (3.6) 
where 0iσ  is the specific conductivity of a  bulk metal. The functions iΦ , defining the effect of the 
DLF size on σ , can be presented in the form  
1i iGΦ = − ,                       (3.7) 
where 
( )( ) ( ) ( ){ 2 2 21 2 2 1 1 2i i i i i j j j j i i iG q P q P q P q P q Q qε ε ε ε ε= − − + + − − − − + −Δ   
( )( )( )}, 1 1 1j i j i i j jQ q qτ ε ε ε− + + .                 (3.8) 
Here 
2 2 2 2 2 21 ( ) ( ) .i i j j i j i jP q q q q Q Pε ε ε εΔ = − + − −               (3.9) 
exp ;ii
kε ξ
⎛ ⎞= −⎜ ⎟⎝ ⎠            ( ) { }
1
3
0
3... (1 ) ...
4 ii
d
k
ξ ξ ξ ε< >= − −∫ .                     (3.10) 
For simplicity we assumed that the Fermi surface is a sphere of radius Fp .   
One of the main parameters of the problem is the layer thickness id  normalized to the electron 
mean free path /i i ik d l= . For limiting cases of thick ( 1ik >> ) and thin ( 1ik << ) layers, the general 
formula (3.7) leads to the following asymptotic expressions for the functions iΦ : 
1. Thick layers ( 1ik >> ):  
                  { },31 216i i j ii q P Qk τΦ = − − − − .                                           (3.11) 
2. Thin layers ( 1ik << ): 
( )2 ,213 1(1 )(1 ) (1 ) .4 (1 )(1 )ii j j j j i i ii j i j
q P q P q Q q Qd k n
kq P q P q q Q
+Φ = + − + + +− − − A   (3.12)  
3. Thin layer ( 1jk << ), on a thick base layer ( 1ik >> ): 
  { } ( ) ,
131 2
16 2 1
j
i i j i
i j
q
q P Qd
k q P
+Φ = − − − + − ;                             (3.13)  
2
,
,
(1 )(1 ) (1 (1 )(3 )) 13 11
4 1 2(1 )(1 )(1 ) 2(1 )
j i j j j j j
j j i j
j j j j j
q P Q q q P q q
k n Q
q P q P q P k q P
τ τ⎧ ⎫+ + − + + + +⎪ ⎪Φ = − +⎨ ⎬− + + − −⎪ ⎪⎩ ⎭
A ;   (3.14) 
 11
( ), 1.iq P Q+ <<                                                         (3.15) 
Here , /j i j iτ τ τ= , , /j i j id d d= .  
The curves presented in Figs.3 a-c were obtained numerical computations using the general 
formula (3.6) and illustrate the dependence of the normalized conductivity of DLF on the ratio 
2,1 2 1/d d d=  of the layer thicknesses for different values of parameters characterizing the DLF 
2 1 2,1 1,2 1,2 1 2( ; / )k k d l l l l= = . The obtained dependences 2,1( )dσ   (Fig.3) show that the effect of 
coating on the total electrical conductivity of the specimen is manifested significantly starting from 
a small thickness 2d . In the region of small 2,1 1d << , the change in 2d  associated with the effect of 
electron scattering at the interface while the dependence 2,1( )dσ  for  2,1 1d >>  is determined by the 
ratio 2,1l  of electron mean free paths in each layer of the DLF.  
Curve 1 in Fig.3a corresponds to the classical size effect in a single-layer film ( 0, 1),P Q= =  
describing the increase in its conductivity with sample thickness. Curve 2 describes the dependence 
2,1( )dσ  for a system of two films separated by an insulating interlayer 0Q = :  
{ }21 2 1
1 2
( 0) ,dQ
d d
σ σ σ σ= = + −+                                         (3.16) 
 
   
a b c 
Figure 3  Dependence of the electrical conductivity of a double-layer film on the ratio  
12 / dd  of layer thickness for the, following of a) ;1/,10,5.0 2111 === − llkqi  ,0)1 =P  ;1=Q  
;0,5.0)2 == QP  2.0,3.0)3 == QP  b) ,3.0,3.0,7.0 21 === Pqq   
;10,2.0 11
−== kQ  ( ) ( ) ( )310/22/,11/ 212121 === llllll ; c) ,1.01 =q  ,3.02 =q  
( ),15;10/,2.0,1.0 121 ==== kllQP ( ),210 11 −=k ( ) .310 21 −=k  
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where iσ  is the electrical conductivity of a single-layer film of thickness id . It can be seen from 
this formula that if 2 0d → , for small values of 2 1/d d , the increment to the conductivity 1σ  is 
negative and reverses the sign at the point 2 1d d≈ . The situation changes radically for a 
semitransparent (for a fixed value of 0, 1Q P Q≠ ≤ − ) boundary between the layers (curve 3 in 
Fig,3a), since the electrons tunneling into the coated layer with a nonzero probability of diffusive 
scattering may be scattered at the outer surface of the sample, and the quantity σ  differs from the 
conductivity 1σ  of the initial film even for 2 1d d<< . Note that the value of changes only 
insignificantly in the region 2 1d d<<  with increasing thickness of the coating and contains a 
minimum for 2 1d d≈ , as in the case 0Q = .  
Figure 3b illustrates the dependence 2,1( )dσ  for different purities of the layer being deposited. 
Calculations show that for 2 1d d<< , the mean free path 2l  in the second layer plays an insignificant 
role, and the above-mentioned minimum can be observed only if a high-purity film with the specific 
conductivity 02 01σ σ>  is deposited. This conclusion is confirmed by the series of curves showing 
the emergence of the 2( )dσ  minimum in Fig. 3c (curve 4) upon a decrease in the thickness 1d  of 
the base layer (cf. curve 4 in Fig. 3b does not have a minimum for the same value of the ratio 2 1/l l ). 
 
3.2 Polycrystalline  films 
 
A theoretical analysis of the conductivity of a system consisting of alternating thin polycrystalline 
layers of two metals is made in Ref. [28] for the special case where there is no electron tunnelling 
through the interface between layers. The classical size effect in such films can be described on the 
basis of the model of Mayaadas and Shatzkes [29].  
 In this chapter we consider a double layer polycrystalline film of width ,d  substantially less 
than the free path of electrons (Fig.4). The collision integral ( )iI Ψ  in the kinetic equation (2.1),  
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Figure 4  Model of a double-layer polycrystalline film. The broken line represents a possible 
electron trajectory. 
 
describes an electron scattering inside grains and on the boundaries of crystallites in polycrystalline 
layers. Following [29] we write ( )iI Ψ  in the form   
1( )   i i
i
I τ ∗Ψ = − Ψ ,                                                        (3.17) 
where 
*
1 1 1 Fi
i i y
p
p
βτ τ
⎧ ⎫⎪ ⎪= +⎨ ⎬⎪ ⎪⎩ ⎭
,                                                      (3.18) 
Fp  is the Fermi momentum; ;1
i i
i
i i
l R
L R
β = −  iR  is the coefficient of reflection of electrons by the 
interface; iL  is the mean size of crystallites in the i -th layer. 
Putting functions iΨ  in form (2.9) in boundary conditions (2.14), (2.15) we obtain a system of 
linear algebraic equations for the function F . The solutions of this system have the form of Eqs. 
(3.1), (3.2), but in functions iα  (3.3) and iϕ  (3.4) a mean free time iτ  must be replaced by effective 
value *iτ  (3.18). Knowing the distribution function we can find the electrical current density (3.5) 
and conductivity of the specimen (3.6). In the case of a DLF with polycrystalline structure of layers 
the function iΦ  in Eq. (3.6) can be written in the form: 
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( )i i iT GβΦ = − 〈〈 〉〉 ;                                                      (3.19)  
⎪⎪⎩
⎪⎪⎨
⎧
>>−
<<+−
≅⎟⎟⎠
⎞
⎜⎜⎝
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Functions iG  are determined by Eq. (3.8), in which 
exp ;i ii
k Hε ξ
⎧ ⎫= −⎨ ⎬⎩ ⎭         2( , ) 1 ;cos 1
i
iH
βξ ϕ ϕ ξ= + −                               (3.21) 
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k H
π ξ ξ εϕ ϕ ξπ ξ ϕ
− −〈〈 〉〉 = ∫ ∫ ,                                (3.22) 
0iσ  is the specific conductivity of a bulk single crystal. 
 If the thickness of the film layers is much larger than the mean free path of electrons, i.e., the 
inequality i id l>>  holds, the exponents in equation (3.19) are small and may be neglected. The 
angular integration gives the following expression for the conductivity of a DLF  
{ }1, 0 2,,3( ) (2 )16i i i i ij iiT q P Qkβ τΦ = − − − Γ − Γ ,                                 (3.23) 
where [30] 
2 3 4 3 2
1,
32 80 161 12 40 (5 4) ;
3i i i i i i i i
Iβ β β β β βπ π πΓ = − + + − + −                      (3.24) 
( ) 2 2 3 2 22,
16 3 31 1 3 3 ( 2)
4 23i i i i i i i ii j
Iπ πβ β β β β βπ β β
⎧ ⎡ ⎤Γ = − − − + − − −⎨ ⎢ ⎥− ⎣ ⎦⎩  
2 2 3 2 23 31 3 3 ( 2)
4 2j j j j j j j
Iπ πβ β β β β β ⎫⎡ ⎤− − + − − ⎬⎢ ⎥⎣ ⎦⎭ ;                              (3.25) 
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                                       (3.26) 
For small ( 1)iβ <<  and large ( 1)iβ >>  crystallites we obtain: 
( ) ( )0 ,3 3 32 161 2 1 1 , 1;2 16 3 3i i i i i j ij ii q P Qkβ β τ β β βπ π
⎧ ⎫⎛ ⎞ ⎛ ⎞Φ = − − − − − − − + <<⎨ ⎬⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎩ ⎭       (3.27) 
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( ) ( )0 , 2563 1 5121 2 1 1 ,4 8 105 105 i jii i j ii i i i j i jq P Qk
β ββτβ β πβ β β β
⎧ ⎫⎡ ⎤⎛ ⎞+⎛ ⎞⎪ ⎪⎢ ⎥⎜ ⎟Φ = − − − − − −⎨ ⎬⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠⎪ ⎪⎝ ⎠⎦⎣⎩ ⎭
  1.iβ >>  (3.28)  
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Figure 5  Dependence of electrical conductivity of double- layer polycrystalline film of the ratio 
1,2d  for ααα == 21  and for parameter values: a) ,1.01 =q  ,2.02 =q  2.0,1.0 == QP , ,11,2 =l  
,1.01 =k : ),1(01.0=α  );3(1),2(5 == αα    
b) ,1.01 =q ,2.02 =q 1.0,1.0 == QP , :1.0,1/ 121 == kll ),1(101,2 =d ),2(11,2 =d
).3(1.01,2 =d  
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The curves shown in Figs. 5a-b were obtained by numerical calculation from formula (3.16), 
(3.19) and illustrate the  dependence of  the electrical conductivity of the DLF σ   on the size of one 
of the layers 2d  for different values of ,P Q  and iβ  describing interaction of charge carriers with 
the interface and grain boundaries.  
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In the same way as we calculated the conductivity, other kinetic coefficients of DLF`s and 
multilayers can be found [31,32].  
 
4. GALVANOMAGNETIC EFFECTS IN DOUBLE LAYER FILMS 
 
4.1 Sondheimer oscillations 
 
The oscillatory dependence of the resistance of thin single-crystal conducting plates on the 
thickness d  and on the magnitude H  of a strong magnetic field was firstly predicted by 
Sondheimer [33]. These oscillations is due to electrons in the vicinity of the points of the Fermi 
surface, where the velocity is directed along a vector H , as well as to charge carriers with extreme 
displacement along the vector H  during a period of rotation in the magnetic field [34]. For a long 
time it was considered that the oscillatory dependence takes place only in the presence of diffuse 
reflection of conduction electrons from the specimen boundaries. However, it was shown in 
Refs.[35, 36] that, generally speaking, the resistance of a plate with specular boundaries and a 
complex    Fermi    surface   depends   on   the  thickness of the conductor. In this case the resistance 
oscillations with the variation of H  or d  are due to the fact that the projection of the electron 
velocity on the direction of the electric current j  is not conserved during specular reflection. The 
energy it acquires in the electric field E  is different from that of an electron, which does not 
interact with the specimen boundaries. This leads to the appearance of size effects. 
In this chapter it is shown that the nonmonotonic dependence on the field H  of the resistance of 
DLS’s is complex since along with the Sondheimer there may arise harmonics associated with the 
size of the layers 1d  and 2d  (Fig.6), and the investigation of the resistance provides information on 
the interaction of charge carriers with the interface [37,38]. 
Let us consider a DLF of thickness d l<  placed in a strong magnetic field ( Nr d<< , Nr   is the 
characteristic Larmor radius in the N -th  layer, ( 1, 2N = ) lis the mean free path of electrons). At 
first, we shall assume that the magnetic field is perpendicular to the surface ( xH H= ). Because the 
components ,N z N yv v  of electron velocity in the plane perpendicular to the magnetic field are  
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Figure 6  Drawing of the observation of nonmonotonic dependence of the resistance of a DLF on 
the perpendicular field H . An electron incident on the interface (trajectory a) may be reflected 
(trajectory b) or may tunnel through it (trajectory c). 
 
periodic functions of a time of electron motion along a ballistic trajectory, it can be expanded to a 
Fourier series, as well as nonequilibrium part of distribution function Ψ   
( ) ( )( ) ;N Nnin t in tnN k N k N N
n n
v t v e e
∞ ∞Ω Ω
=−∞ =−∞
= Ψ = Ψ∑ ∑ ;      ( )1, 2; ,N k y z= =                 (4.1)  
( NΩ  is Larmor frequency in N th−  layer). The equation for ( )nNΨ  doesn’t differ from analogous 
equation in zero magnetic field after formal replacement 1 1 inτ τ→ + Ω  and 
( )n
N N→v v  (for 
simplicity we assume that a bulk relaxation in both layers can be described by the same mean free 
time τ ). In the case of spherical Fermi surface the projections of electron velocity are 
( ) ( ), cossiny z x
t
v t v p
t⊥
Ω⎧ ⎫= ⎨ ⎬− Ω⎩ ⎭ , 
 and we may search the solution of kinetic equation (2.1) in the form (4.1), where 1n = ±  
( 2 2F xv v v⊥ = − ).  The functions N±Ψ  can be found in a same way as it was done for DLF in the 
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absence of magnetic field.  Knowing the electron distribution function (see Eqs. (3.1), (3.2)), one 
may derive the total electric current (3.5) in the DLF. 
We limit ourselves to the approximation of a uniform electric field in the DLF. After simple 
transformations, the conductivity tensor ikσ  linking the current density with the electric field E  can 
be written in the form 
2
0
1 22 2 2
1 21
1 1 1yy zz
l I I
d
σ γ γσ σ γ γ γ
⎧ ⎫⎡ ⎤−⎪ ⎪= = − +⎨ ⎬⎢ ⎥+ + +⎪ ⎪⎣ ⎦⎩ ⎭
;                               (4.2)  
2
0
1 22 2 2
2 1
1 1 1yz zy
l I I
d
σ γ γσ σ γγ γ γ
⎧ ⎫⎡ ⎤−⎪ ⎪= − = − −⎨ ⎬⎢ ⎥+ + +⎪ ⎪⎣ ⎦⎩ ⎭
;                            (4.3)  
where  
1 Re ;I I=     2 ImI I= ;    ( )21 2
0
13 ;
4
I d
ξ ξξ ∗−= ΦΔΔ∫  
( ) ( )( )2 21 2 1 1 2 2 1 2 1 2 1 1 2 22 1 2 1p p W p p p p Q W Q P q qβ β β β β βΦ = + + − − − − − + +  
( )( ) ( )2 2 2 21 2 1 2 1 2 1 2 2 1 1 21 2 ( )P q q W Q P q p q pβ β β β β β− − + − − + −  
( )2 2 2 2 2 21 2 1 2 1 2 2 1 1 22 ( ) ( ) ;W Q P q q Q P q p q pβ β β β− − − +  
( ) ( )2 2 2 2 2 21 1 2 2 1 2 1 21 P q q q q Q Pβ β β β∗Δ = − + − − ; 
1 ;N Np q= −    1 ;W P Q= − −  
2 3
0 3
8 ;
3
Fe p
h m
τπσ =   ;Fpl
m
τ=    ;eH
mc
Ω =  ( )exp 1NN d ilβ γξ
⎧ ⎫= − +⎨ ⎬⎩ ⎭ ;  .γ τ= Ω  
The symbol "*" denotes the complex conjugate; m  is the electron effective mass. 
The conductivity tensor can be presented in the form: 
      
2
( , )
, 1
,N M
N M
αβ αβσ σ
=
= ∑    , , ,y zα β =                                               (4.4) 
where  ( , )N Nαβσ  describes the contribution to the conductivity  of electrons not leaving the N -th 
layer, and ( , )N Mαβσ  is the  contribution of the charge carriers tunneling across the interface. 
Equations (4.2) - (4.3) solve, in principal, the problem completely, determining the dependence 
of the conductivity on the magnetic field and layer thickness. However, most informative is the 
nonmonotonic part oscσ  of the total transverse conductivity. If exp 1Nd l⎛ ⎞− <<⎜ ⎟⎝ ⎠  than in the 
oscillating part of the conductivity ( , )N Moscσ  it is sufficient to retain only the first harmonic, and the 
components of the tensor ( , )N Moscσ  will have the form: 
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( )( )( , ) 21 1 exp cosN Mosc N NN
mon N
r d dq P Q l rdd
σ
σ
⎛ ⎞≈ − − − −⎜ ⎟⎝ ⎠ ;                              (4.5) 
( )( ) ( )( , ) 221 1 exp cosN Mosc N M
mon
r d dQ q q l rd
σ
σ ≈ − − − ,                                (4.6) 
where monσ  is the monotonic part of the conductivity of the DLF. 
It is not difficult to show that, in the absence of disorientation of the adjoining layers, the results 
remain qualitatively unchanged also for a nonisotropic Fermi surface, provided the film boundaries 
coincide with symmetry planes of the crystal. However, as already mentioned, in the monotonic 
part of the magnetoresistance there is a contribution due to electrons with extremal displacement 
along the magnetic field H  during a period. 
 As is known, the difference of the Fermi surfaces in the layers leads to a change in the velocity 
component normal to the interface of the tunneling electron. Therefore, the conductivity oscillations 
associated with the full thickness d  are mainly formed by the charge carriers for which the function  
1 1 2 2
1 2 2
( )
( ) ( ( ))x x x x x x
d df p
v p v p p
Ω Ω= + ,                                              (4.7) 
has an extremum extrf f=  (the connection between xp  and 2xp  is determined from the 
conservation of energy and of the tangential component of quasimomentum (2.6)). In the same way 
as the period, the amplitude of the oscillating term ( , )N Moscσ  ( )M N≠  depends on the disorientation 
of Fermi surfaces in the layers and is given in order of magnitude by 
( )
3
( , ) 2
exp cos
N M
extrosc N
mon
r dQ fld
σ χσ
∗⎛ ⎞ ⎛ ⎞≈ − +⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠
,                                (4.8) 
where 1 2r r r
∗ ≈ ≈ .  
When the magnetic field is inclined to the normal of the specimen surface by an angle ϕ , the 
character of the oscillatory dependence of the conductivity on the magnetic field is not changed. In 
this case in expressions (4.5) and (4.6) the thickness Nd  must be replaced by cos
N
N
dd ϕ∗ = .  
Thus, the analysis of the nonmonotonic dependence of   the conductivity of DLF’s on the 
magnetic field makes it possible to determine the degree of diffuseness of the interface and the 
probability of tunneling with conservation of the electron quasimomentum component tangent to it. 
Let us remark that the amplitude of the oscillations associated with the dimensions of the individual 
layer (4.5) does not depend on the ratio between the probabilities P  and Q of reflection and 
transmission, respectively. There fore, the experimental investigation of ( )osc Hσ  may prove to be 
the most convenient method of obtaining information on the diffuseness parameter for electron 
scattering from the interface.  
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4.2 The static skin effect 
 
In a magnetic field H , which parallel to the surface (Fig.7), the electrical conductivity of the DLF’s 
may be considerably higher than the electrical conductivity of monocrystalline plates [39]. This is 
due to the fact that under conditions of the static skin effect [40, 41], the electric current is 
concentrated not only near the surface of the sample but also near the interface. The static skin 
effect appears most clearly when the density of electrical current j  and the vector H  are 
perpendicular to each other and located in the plane of the interface. In this case, virtually the whole  
 
 
Figure 7  Possible electron trajectories in a DLF in a parallel magnetic field.  
 
current flows along the interface, and the dependence of the resistance of the specimen on a strong 
magnetic field (the radius of curvature of the electron trajectory ir  in i-th layer is much smaller than 
mean free path l  and the thickness of the layer id ) is determined by the nature of the interaction of 
the charge carriers with the interface. An exception is a DLF with specular faces, whose electrical 
conductivity is contributed by electrons colliding with conductor surfaces 2 1( , )y d d= −  and with 
the interface 0y = .  
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To evaluate the electrical conductivity near the interface we use the solution (2.9) of the kinetic 
equation. From the calculations, we find for electrons that do not collide with the surface, but that 
do interact with the interface, the function of characteristics kF  has the form 
( ) ( ){ }( ) 21( ) 1kk k k i i i iF x x t A P P Q Qα ϕ α α α ϕ⎡ ⎤− = − + +⎣ ⎦ .    1, 2.i k≠ =                (4.9) 
Here 
1 2
1 1 2 1 2(1 )(1 )A P P Qα α α α− = − − − ; 
' 1exp ( ' ) ( )
i
i
i idt t t
λ
λ
ϕ λτ
⎛ ⎞′ ′ ′= − −⎜ ⎟⎝ ⎠∫ v E ;   
1exp ( ' )i i iα λ λτ
⎡ ⎤= − −⎢ ⎥⎣ ⎦ , 
iλ  and 'iλ  are two successive instants of electron collision with interface. 
In the basic approximation in the small parameter /r l  1 2( max( , ))r r r=  the transverse electrical 
conductivity near the specular interface takes the form:  
      
{ }2 ( ) ( )( )
2
1 2 1 2
(1 )
(1 )(1 )
m n
yn m mn
yy
v P P Q y Q y
P P Q
ξ ξσ ξ ξ ξ ξ
⎡ ⎤− + Δ + Δ⎣ ⎦= − − − ,                              (4.10) 
where  1 /P Q r l− −  ; ynv   is the electron velocity along the current direction, 
( ) ( ) ( ) ( ) ( )'n n nn ny y yλ λΔ = −   is its displacement during the time between two collisions with the 
interface 'n n nT λ λ= −   and exp( / )n nTξ τ= − . The indexes m and n indicate the number of the layer. 
The angular brackets denote integration over the Fermi surface (see Eq. (2.4)).  
When  /Q r l>> , the electrons performing a periodic motion along one of the sides of the 
interface make an independent contribution to the total conductivity of a DLF and the transverse 
electrical conductivity of the layer near the boundary with a thickness of 1 24 2( )Hr r r= +  is of the 
order of 0σ  the conductivity of an bulk metal in the absence of a  magnetic field. The specific 
electrical conductivity the skin layer near the interface  
1
2
2 0
(1) (2) 1 2
0
1 2 1 20 2
1 1( ) ( )
r
bound
yy yy
r
r rx dx x dx
d d d d
σ σ σ σ⊥
−
⎧ ⎫= + ≈ +⎨ ⎬⎩ ⎭∫ ∫ ,                     (4.11) 
considerably exceeds not only the conductivity of the conductor  core but also the contribution to 
the total transverse electrical conductivity σ⊥  of the electrons interacting with the diffuse surface of 
the sample. In a crystal with specular surfaces, the surface parts bound surfaceσ σ⊥ ⊥≈  and σ⊥  
nevertheless exceeds the conductivity of a plate, which has no interface.  
If  rQ l>>  i.e., the electron is able during the mean free time τ  to tunnel through the interface, 
then in the case of different Fermi surfaces in the layers the electron motion occurs along an open 
 22
trajectory (trajectory a in Fig.7). The conductivity of the boundary layer, as follows from (4.10), 
does not depend on the probability of tunneling and, as before, remains high:  
(1) (2) 2
0
1 2
( )
( )
bound y y
r r d
σ σ⊥ Δ + Δ≈ + .                                            (4.12) 
Here, the averaging has been performed over all possible electron trajectories. It is easy to see that 
in the case of identical Fermi surfaces ( ) ( )1 2y yΔ = Δ  in Eq.(4.12) and it is necessary to take account 
of the following term in the expansion in the parameter r l . 
If for a specified orientation of the field H  closed and open cross-sections of the Fermi surface 
are possible, then during tunneling the electron can go over on to a closed orbit and move deep into 
the layer. In thick layers 2( )d l<<  such an electron, which has undergone bulk collisions, does not 
again return to the interface. In this case, the electrical conductivity of the skin layer is described by 
Eq.(4.10), in which the second term in braces in the numerator should be dropped and we should 
take 2 0ξ = . As a result, we find that transverse electrical conductivity is equal to  
( ) ( )1 22 2
1
0 0
1 2
( ) (1 )
( )
bound r P y y
ld Q r r d
σ σ δ σ δ⊥ Δ + Δ≈ + −+ ;                          (4.13) 
and depends significantly on the probability P . In Eq.(4.13) δ  is the width of the layer of open 
orbits on the Fermi surface divided by the Fermi momentum. In a thin layer 2( )d l<<  an electron 
moving along an open orbit interacts with both faces of the layer. In the case of specular reflection 
of  electrons  from  both  faces,  the  electrons  return   to   the   interface  (trajectory b  in Fig.7).  If  
dQ l>> , (1 ) 1q− << , electrons are again able to tunnel through it leading to an increase in the 
electrical conductivity of the boundary layer: 
( )2(1) 2(1) (2) 2
0 0
1 2
( 2 )( )(1 ) openbound
y yy y
r d d d
σ δ σ δσ⊥ Δ + ΔΔ + Δ≈ − + .                   (4.14) 
Here ( )22 openyΔ  is the electron displacement along the y -axis during the time between two collisions 
with the interface. Thus, the presence of interface improves the conducting properties of  
metal sample in a strong magnetic field. Experimental study of conductivity of metallic DLF’s as a 
function of the magnitude and direction of H  provides information on the nature of the scattering 
of conduction electrons at the interface and on the probability of penetration through it. This effect 
was observed experiment in Refs. [42,43]. 
 
5. HIGH FREQUENCY PHENOMENA IN METALLIC DOUBLE LAYER FILMS. 
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Under conditions of the anomalous skin effect, when the depth of the skin layer δ  is much 
smaller than the characteristic radius of curvature of the trajectory r l<<  in a magnetic field H , 
parallel to the surface of the specimen, the high-frequency (HF) field penetrates into the metal in the 
form of narrow spikes [44-46]. The position of the HF field spikes is determined by the extremal 
diameters of the electron orbit, which permits using this effect to study the dispersion law of 
conduction electrons. The nature of the penetration of the HF field into the metal also depends on 
the state of the conductor surface. In specimens with a perfect boundary, the field spikes have a 
much higher intensity over a wide range of frequencies, including the radio-frequency range. If the 
reflection of the charge carriers by the specimen surface is multichannel reflection,  while the spikes  
are  formed by all electrons for which umklapp processes are possible  [47,48]. 
Observation of the radio-frequency size effect in bicrystalline aluminum plates [49], having a 
twin boundary parallel to the outer surface of the specimen, has shown that this effect is also useful 
for studying the nature of the interaction of charge carriers with intercrystallite boundaries and 
interfaces. In particular, the results of Ref. 49 indicate the high probability for conservation of the 
tangential component, relative to the intercrystallite boundary, of the quasimomentum of the 
electron interacting with it. 
In this chapter, we examine the anomalous penetration of an electromagnetic wave into a 
metallic double-layer film along a chain in electronic trajectories [50] (Fig. 8). If the maximum size 
of an electron trajectory 1D , in the direction normal to the surface, is larger than the thickness of the  
 
 
Figure 8  Schematic drawing of experiment by observation of resonance and RF size effects in a 
DLF. 
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layer d  ( 1,d D dδ δ>> − >> ), then the amplitude and position of spikes are determined by the 
smoothness of the boundary and by Fermi surfaces of the metals. Already when the inequality 
/Q r l>>  is satisfied, the electrons over the time τ  tunnel from the upper to lower layer. In this 
case, the electron efficiently absorbs energy from HF field in the skin layer, moving along arcs a, 
and creates a field spike while moving along the segments b  of its trajectory (Fig. 8). If the 
reflection at the separation boundary occurs with small diffuseness, then the average energy 
contributed by a single electron to the spike is of the same order of magnitude, as for 1Q ≈  (in the 
leading approximation with respect to the parameter /r Q l ), while its amplitude is comparable to 
the amplitude of the electromagnetic field penetrating into the single crystal. On the other hand for 
low probabilities /Q r l<< , the amplitude of the HF field in a spike is small and, generally 
speaking, proportional to Q . 
Resonant HF effects of the cyclotron resonance type are more sensitive to the magnitude of Q  
[51]. If the boundary is almost transparent to conduction electrons, (1 1Q−  ), then the resonant 
frequencies are related to the period of motion of the charge carriers along a trajectory intersecting 
the interface, while the quantity 1 Q−  determines the broadening of the resonance lines. For an 
almost nontransparent separation boundary, 1Q << , reflecting charge carriers in an almost specular 
manner, a different type of resonance, related to the periodic motion of electrons returning into the 
skin layer due to collisions with the interface, is possible. This effect is recall of the cyclotron 
resonance in thin conductors [52,53] and the size of the "upper" layer plays the role of the specimen 
thickness. The width of the resonance lines permits judging the tunneling probabilities and the 
diffuse scattering on reflection. 
Thus, the experimental study of HF effects of a DLF will make it possible to obtain detailed 
information on the interaction of conduction electrons with interfaces. 
 
5.1 Spikes of high frequency electromagnetic field   
 
Let us examine a situation, in which the interface is parallel to the surface of the specimen, while 
the magnetic field is parallel to it (Fig.9). If the maximum size of the electron trajectory along the x   
axis is greater than the thickness of the upper layer d , then the function F  in a solution of kinetic 
equation (2.9) has six values, corresponding to motion along one of the trajectory segments 
illustrated in Fig.9. In this case, the boundary conditions (2.14), (2.15) lead to a system of linear 
equations, which can be solved exactly. 
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From the calculations, we find that for electrons that do not collide with the surface, but that do 
interact with the interface, the function of characteristics has the form 
       ( ) { }( ) 21( ) (1 )kk k k i i i iF x x t A P P Q Qα ϕ α α α ϕ⎡ ⎤− = − + +⎣ ⎦ .    i k≠ .                (5.1) 
If, on the other hand, the charge carrier also collides with the outer boundary of the crystal, then F  
assumes three values: 
 
 
 
Figure 9.  Possible segments of electron trajectories in a DLF in parallel magnetic field. 
 
( ) { }(2)2 2 3 3 1 3 4 2 2 1 3 4 4( ) (1 ) ;F x x t A Q P q P q Qα ϕ α α α ϕ α α ϕ− = + − +  
( ) { }(1) 23 1 2 4 3 3 2 2 2 2 4 2( ) (1 ) (1 ) ;F x x t q A P P Q Q Pα α ϕ α α α ϕ ϕ α⎡ ⎤− = − + + + −⎣ ⎦  
( ) { }(1) 24 2 3 3 1 4 4 2 2 2 2( ) ( ) (1 )F x x t A q P P Q Qα ϕ α ϕ α α α ϕ⎡ ⎤− = + − + +⎣ ⎦ .             (5.2)  
Here 
1 2
1 1 2 1 2(1 )(1 )A P P Qα α α α− = − − − ; 
      1 22 2 1 3 4 1 2 3 4(1 )(1 )A P q P q Qα α α α α α− = − − − ; 
       exp ( ' )i i iiα ω λ λ∗⎡ ⎤= −⎣ ⎦ ; 
'
(1,2) (1,2)( ) ( ( ) ( ' ))
i
i
i i s idt t g x x t x
λ
λ
ϕ α λ λ′ ′ ′= − + −∫ ;   0, .sx d=  
( ) { }tit ∗= ωα exp .                                                  (5.3) 
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In Eqs. (5.1) and (5.2), we dropped terms related to the  change  in the chemical potential of the 
electrons as a result of collisions  with the surface or the interface. This is related to the fact that 
under conditions of the anomalous skin effect, the normal components of the field and the current 
are small, and in the leading approximation with respect to the parameter 1r
δ << , the current xj  at 
any depth x  can be neglected.  
The function 0F  [41], corresponds to the charge carriers interacting only with the surface of the 
conductor, is  
1 1
0
1 11
qF
q
ϕ
ϕ= − .                                                                 (5.4) 
Maxwell equation for the Fourler component of the HF electric field and current  
0
( ) 2 ( ) cosk E x kx dxμ μ
∞
Ε = ∫ ;                                                (5.5) 
0
( ) 2 ( ) cosj k j x kx dxμ μ
∞
= ∫ ;                                                  (5.6) 
has the following form:  
2
2
(0) 4( ) 2 ( )
E ik k j k
x c
μ
μ μ
π ω∂Ε + =∂ .                                            (5.7) 
(We made use of the even continuation of the functions ( )E xμ  and ( )j xμ  into the region outside 
the metal).  The HF electrical conductivity tensor, which is the kernel of the integral operator that 
couples ( )kμΕ  and ( )j kμ , 
0
( ) ( , ) ( )j k K k k k dkμ μν ν
∞
′ ′ ′= Ε∫ ,        , ,y zμ ν = ,                           (5.8) 
can be found, if Eq.(2.1) is used for the nonequilibrium correction to the electron distribution 
function. Under conditions of the anomalous skin effect, when the depth of the skin layer δ  is the 
smallest parameter with the dimension of length, large 1k δ −≈  are most important, and in order to 
find the surface impedance and HF field distribution in the specimen, it is sufficient to know the 
asymptotic expression for Kμν , when 1, 1.kr k r′>> >>  In these case, we will assume that the 
flight time of the electron through a thin skin layer is negligibly small compared to its effective 
transit time 1ω∗  i.e., the following inequality is satisfied: 
1
r
δω∗ <<Ω ,                                                          (5.9) 
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 (Ω  is the characteristic frequency for a motion of the  electron in the field H ). Then, the HF 
electrical conductivity can be represented as a sum of several terms: 
(0) (1) (1)
11 11 22 12 22( , ) ( , ) ( , ) ( , ) ( , ) ( , ).K k k K k k K k k K k k K k k K k kμν ′ ′ ′ ′ ′ ′= + + + +             (5.10) 
Here and in what follows, we will assume that the electric field vector of the linearly polarized 
wave is directed along one of the axes in the coordinate system y  axes in which the kernel 
( , )K k kμν ′  is diagonal, and in what follows, in order to simplify equations, we will not write the 
tensor indices. The kernel ( )011 ( , )K k k ′  is related to electrons skimming along the surface of the 
specimen and not leaving the skin layer over the mean free time τ . It is these particular electrons 
that make the determining contribution to the formation of the HF screening current [54]. As it was 
shown by Falkovskii [55] the scattering of such charge carriers by a slightly rough surface is nearly 
specular and can be described with the help of the specularity parameter, which depends linearly on 
the angle ϕ  of incidence of the electron on the surface: 1 (0)i iq q ϕ′= − . When the operator ( )011K  
operates on a smooth function of k , it can be represented in the following form: 
( ) ( ) 5 / 220 011 1/ 2 1/ 21 1, .4
kcK k k
k k k k k kπω
⎡ ⎤′ = −⎢ ⎥′ ′ ′− +⎢ ⎥⎣ ⎦
                                 (5.11) 
The dependence of ( )011K  on k  and k ′  is the same as for an ideal surface, while its small 
roughness manifests itself in a change in the quantity 0k , into which the coefficient (0)iq′  enters: 
( ) ( ) ( )( ) ( )( ) ( )( )
3 / 2 3 1/ 2
1 1 15 / 2
0 1 2 1 2 1 23 *
1 11
8 '
(0) 2
z y y x
e Hk dp v s v s v s
ch q i
π ω
ω
−= ′ Ω − ∫ ;             (5.12)  
11Ω  is the Larmor frequency of an electron in the upper layer; ( )iks  are the points of the 
stationary phase on the trajectory of the electron in the i-th layer 
( )( ) ( )( ) ( )( )( )1 20, ' 0, ' 0i i ixi k xi xiv s v s v s= > < ; zp  is the projection of the momentum along the 
magnetic field direction. 
The terms ( )111 ( , )K k k ′  and ( )122 ( , )K k k ′  in the electrical conductivity stem from the charge carriers, 
moving in the upper or lower layer and absorbing energy from the HF field along these same 
segments of the trajectory: 
( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )( ) ( )1 1 1 1 1 111 1 11 1 1 1 1 1 1 11 11 ˆ, ( ) , , ;zK k k dp D d s s S s x s fkθ ρ τ τ⎧′ = − −⎨⎩∫  
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( ) ( )11 12 2 2ln /2 ;k kf k kτπ
′ ⎫⎬′− ⎭
                                                         (5.13) 
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )( )1 2 2 2 2 2 222 1 22 2 2 2 1 2 2 221 ˆ, ( ) , , , ,zK k k dp D d s s S s s x s fkθ ρ′ = − ′∫                (5.14) 
where 
( ) ( ) ( ) ( ) ( )( )1, , sin ;b ii
a
f
S a b x f d k k d x x
k k
λλ λπ
′ ⎡ ⎤′= − − +⎣ ⎦′−∫                     (5.15) 
( ) ( )( ) ( )( ) ( )( )( )( ) ( )( )
3
3 1/ 2
2; ;
' '
i k
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ik
i k
xi xk
v s v se Hs s
ch v s v s
α β
α β
α β
πρ =                             (5.16) 
( ) ( )( ) ( )21 1 21 1 , , ;ii i i k i if t A P P Q if t i kα α α α τ′ ⎡ ⎤= + − + ≤ ≠⎣ ⎦                   (5.17) 
( ) ( ) ( ) 222 2 2 2 1 3 4 1 2 3 4 2 21 1 , ;f t A P q P q Q if tα α α α α α τ′ ⎡ ⎤= + − + >⎣ ⎦             (5.18)                 
( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )( )2 2 2 1 1 11 2 2 1 1D x s x x x sτ τ= − + − ,                               (5.19) 
 is the size of the electron orbit along the x  axis; 1τ  is a root of the equation 
( ) ( ) ( ) ( )( )1 1 11 1 ,x x s dτ − =                                                 (5.20) 
2τ  is related to 1τ  by the conditions (2.6);  ( )xθ  is the Heaviside function (the unitstep function).  
The kernel ( )12 ,K k k ′  is formed by electrons crossing the interface and creating the first spike at 
a depth 1D  in the bulk of the conductor: 
( ) ( ) ( )( ) ( ) ( ) ( )
1
1 2 12 1
12 12 1 2 1 12 1
1
2 1 ˆ, 2 , 0, ;e
zp p
f
K k k s s C D f R D
k kkk
τπ ρβ =
⎧ ⎫′ = −⎨ ⎬′+′⎩ ⎭
          (5.21) 
( ) ( )1 1, cos
4i i ii
R a D k k a k D
k kkD
π γπ
⎧ ⎡ ⎤′ ′= − − − −⎨ ⎢ ⎥′− ⎣ ⎦⎩  
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( )cos
4i i
k k k a kD
k
π γ ⎫⎪⎡ ⎤′− + + ⎬⎢ ⎥′ ⎣ ⎦⎪⎭
;                                    (5.22) 
( ) ( ) ( ) ( ) ( )( )( )1 1 1 11 12 12 1 1
0
1ˆ , ;C D f d f R d x x s D
τ
λ λπ ′= − +∫                             (5.23) 
( ) ( ) ( )( )2 22 212 1 1 1 2 ;i s i sf t A Q e eω ωα α∗ ∗−′ = +                                       (5.24) 
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i z
D
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2
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i
z
Dsign
p
γ ∂= ∂                                         (5.25) 
All quantities in Eq. (5.21) are evaluated at 1 ,
e
zp p=  for which 
1
1 / 0.e
z
z p p
D p =∂ ∂ =  
In the high-frequency range ( )ω ≥ Ω , Eqs. (5.13), (5.14) and (5.21) are valid, while for small 
displacement of the electron orbit by an amount of the order of δ , the relative change in the period 
of the motion is negligibly small compared to the broadening of the resonance line. In this case, the 
dependence of the characteristic frequency Ω  on the time of the collision 'iλ  with the interface in 
the functions ( )'ik if λ  is practically unimportant, and they can be taken out from under the integral 
sign at the points of stationary phase. For electron trajectories that slightly touch the surface of the 
specimen, whose contribution is taken into account in expressions (5.13), (5.14), and  (5.21), the 
inequality sought has the form 
( )1/ 2/r δ ωτ>> .                                                       (5.26) 
However, the qualitative results obtained below remain valid also for /r δ ωτ>>  when the 
contribution of “tangent” electrons to the current can be neglected and the condition (5.26) 
indicated above is satisfied only for charge carriers interacting only with the interface. For 
/rωτ δ>> , averaging the functions ikf  over the exit angles from the surface x d=  leads to 
appreciable attenuation of the resonance amplitude and spike intensity at the depth 1D , in contrast 
to the situation occurring in a single crystal [45]. 
The last term in Eq. (5.10)  ( )22 ,K k k ′  describes the contribution of electrons moving only in the 
lower layer, and further extending the electromagnetic field spike into the bulk of the specimen: 
( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )2 2 2 222 22 1 1 22 2 2 21, , ,zK k k dp s s B d s s B d Dkk ρ ρ⎡ ⎤′ = + +⎣ ⎦′ ∫ + 
( ) ( )( )
( ) ( ) ( ) 2
2 2
22 1 2
2 2 2
2 22 2
,2 22 sin , ,
4sinh / 2
e
zp p
s s
kD k k R d D
kk i T kD
ρπ π γ δβ ω =∗
⎧ ⎫⎪ ⎪⎛ ⎞ ′+ + − −⎨ ⎬⎜ ⎟′ − ⎝ ⎠⎪ ⎪⎩ ⎭
     (5.27) 
where 
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( ) ( ) ( ) ( )22 sin1cot / 2 ;k k aB a i T k k k kω δ π∗
′−⎡ ⎤′= − − −⎢ ⎥′−⎣ ⎦
                          (5.28) 
( ) ( )( ) ( )( )2 2 2(2)2 2 1D x s x s= − ; 22T  is the period of electron motion in the second layer in the field H . 
The functions of zp  in the second term of Eq. (5.27) are evaluated on the sections of the Fermi 
surface for which 
2
2 / 0.e
z
z p p
D p =∂ ∂ =  
Starting from the structure of the kernel ( ),K k k ′ , it is natural to look for a solution of Eq, (5.7) 
in the form of a sum: 
0 1 2( ) ( ) ( ) ( );k k k kΕ = Ε + Ε + Ε        0 0 0( ) ( ) ( )k k k∗Ε = Ε + ΔΕ ,                     (5.29) 
where 0 ( )k
∗Ε is the Fourier component describing the field in the main skin layer, formed by 
skimming electrons; 0 ( )kΔΕ  is a small correction to 0∗Ε , related to charge carriers that can absorb 
the energy in the electromagnetic wave in a resonant manner. The function 1 ( )kΕ  is responsible for 
the formation of the HF field spike at a depth 1D , while the Fourier component 2 ( )kΕ  describes the 
penetration of the field to a depth larger than 1D . Substituting (5.29) into Maxwell equation (5.7) 
leads to the appearance of characteristic integrals on the right side of the equation that are easy to 
estimate asymptotically for 1kr >>  and 1.k r′ >>  Thus, for example, 
( ) ( )1 11 11 1 0
0
ˆ ( ) ;i i idk S f k f kτ δ
∞
′ ′Ε ≈ Ε∫                                       (5.30) 
( ) ( )2 22 22 2 1
0
1ˆ ( ) ;i i i
dk S f k f k
k k
τ δ
∞ ′ ′Ε ≈ Ε′∫                                     (5.31) 
( ) ( ) ( ){3112 1 12
0 1
4 , sin
42i i
dk K k k k k kD
c k kD
πω χ π γ
∞ ⎛ ⎞′ ′ ′Ε ≈ Ε + −⎜ ⎟⎝ ⎠∫  
( ) 1 1 0ˆ cos 4i iG k kD
π γ δ⎫⎛ ⎞Ε + ⎬⎜ ⎟⎝ ⎠⎭ ,                                         (5.32) 
where 
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1
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8 2, ;e
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s s f
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πω πχ ρ τ β ==                                   (5.33) 
( ) ( )2
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2ˆ ;
1
i
i
xk dx
G k
xπ
∞ ΕΕ = −∫          
1, ,
0, .ik
i k
i k
δ =⎧= ⎨ ≠⎩                                (5.34) 
The operators ( )B a  (5.28) and ( ), iR a D  (5.22) give a nonvanishing result only when 
operating on the term ( )i kΕ  , corresponding to the HF field at a depth larger than a . 
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  We solve Maxwell equation (5.7) using perturbation theory, making use of the smallness of the  
"spike" terms compared to the amplitude of the field in the main skin layer 0 ( )k
∗Ε  [56]: 
0 2
00
(0) 1( ) ( )
c i z
c i
E kk dzM z kx i kπ
+ ∞
∗
− ∞
∂ ⎛ ⎞Ε = − ⎜ ⎟⎝ ⎠∂ ∫ ;      2 0c− < ≤ ;                      (5.35) 
where       
( ) [ ]2( 2)51 4 1 2 3 27( ) exp ( 2) cos 1 .5 5 2 3 525 2
z
i z z zM z z zπ ππ
+
− − −⎛ ⎞ ⎛ ⎞ ⎡ ⎤ ⎡ ⎤= Γ + Γ Γ Γ +⎜ ⎟⎜ ⎟ ⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎣ ⎦ ⎣ ⎦⎝ ⎠       (5.36) 
The HF electric field distribution near the spike at the depth 1D  is: 
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where   
( ) 120 0 0 02 (0)( / ) ( )EF k k k kx − ∗∂= − Ε∂ ;                                          (5.38) 
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Hear 1T  and 2T  are the times for electron motion along arc a and b  (Fig.6). All quantities in 
Eq.(5.37) are evaluated at z zep p= ,  for which 1 0( )z ztp pz
D
p = =
∂
∂ .  
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Since the presence of the interface does not change in the form of the spike, depending on the 
nature of the extremum 1D  as a function of zp , we considered in detail only its intensity when the 
quantity 1 ( )zD p  has a maximum, i.e., 1 1γ = − . The electric field amplitude has its maximum value 
near the center of the spike 11 1( )D x k
−− ≤ , where it equals: 
33
1
1 1 2
1 00 0 1
(0) 1( )
6 6
ie EE D
x k kk k D
π χ∂≈ − ∂ .                                           (5.41)  
It follows from Eqs. (5.39) and  (5.40)  that  in  the  radio-frequency range 1ω∗ <<Ω   for  
scattering   of   charge carriers by the interface, whose degree of diffuseness is small 
(1 1)Q P− −  ,  the probability Q  drops out of the  final expressions, it in the leading 
approximation with respect to the parameter 11( )Q τ −Ω  if  
( )1 1 1 1
1 1 1
1 1 2; 1; .Q T π τ λ ττ τ
⎛ ⎞>> << = = −⎜ ⎟Ω Ω Ω⎝ ⎠
                            (5.42) 
The characteristic scale of the HF field in the spike 11k
− coincides in order of magnitude with the 
"width" of the spike in the single crystal. The amplitude (5.41) is comparable to the value of the 
electric field for the first spike in a monocrystal. Inequality (5.42), apparently, was satisfied in the 
experiment in Ref.9, in which the amplitude of the RF size effect lines in the DLF even turned out 
to be somewhat larger than the amplitude of the line in the single-crystal film. The latter 
circumstance could be related to the fact that the characteristics of the "effective" electron 
trajectory, refracted by the interface, differ from these quantities in the single crystal. (The change 
in the form of the orbit is indicated by the shift in the lines on the magnetic field scale.)  
We note that for sufficiently small thickness of the upper layer 1 2
Dd <  (in the experiment in 
Ref. 9, 
1
0.42d D ≈ ), when the time 1T  for motion along the arc a is smaller than the time 2T  for 
motion along arc b  (Fig.8), it is possible for an intense spike to appear at depth 1D  even for  
1DQ l< , if inequality (5.42) is satisfied.  
If the probability for the electron to penetrate through the interface is small:  
1
1Q τ<< Ω , 
when the amplitude of the HF field in a spike is small: 
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In thicker specimens 1L D>> , electrons that do not interact with the interface ensure that the 
electromagnetic wave extends into the bulk of the specimen. The distribution of HF field near the 
second spike 1 2( )x D D≈ +  is described by following integral: 
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Dsign ∂
∂=γ                                     (5.44) 
Its amplitude contains the same information as the spike at depth 1D , but is a factor of  
1/ 2
1( )k r  
smaller than the intensity of the first spike.  
The anomalous penetration of an electromagnetic wave into a DLF can also be examined in a 
similar manner for stronger magnetic fields 1D d< , when only the intensity of the second spike 
contains information on the interaction of charge carriers with the interface.  
 
5.2.  Resonance phenomena 
 
In the ultra high frequency range, the absorption of energy in the electromagnetic wave has a 
resonance character and in the DLF two types of resonance are possible. One of them stems from 
the periodic motion (with period 12
12
2T π= Ω ) of electrons tunneling through the interface and 
occurs at frequencies  
12 ;nω = Ω      1, 2,3,...,n =       112 0;zp p
z
T
p =
∂ =∂     12 1 2 .T T T= +                         (5.45) 
 34
The second type of resonance, which is specific to DLF’s, turns out to be possible due to the motion 
of charge carriers entering the skin layer with frequency 1 12 /TπΩ =   after reflection from the 
interface:  
1;mω = Ω     1, 2,3...;m =       21 0.zp p
z
T
p =
∂ =∂                                    (5.46) 
  Using the Fourier component of the HF electric field, we can find the surface impedance of the 
DLF Z   
1
2
0
4 (0) ( ).i EZ dk k
xc
π ω − ∞∂⎛ ⎞= Ε⎜ ⎟∂⎝ ⎠ ∫                                            (5.47) 
The largest term is connected with the electric field in the skin-layer (5.35) and equals  
0 2
0
8 ( 1)iZ M
c k
ω= − − ,                                                   (5.48) 
where 0k  and ( 1)M −  are defined by Eqs.(5.12) and  (5.36). 
The resonance correction to the high-frequency impedance 0Z  is easy to calculate using 
perturbation theory: 
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ω η π− ⎛ ⎞ ⎛ ⎞Δ = ⋅ ⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ .                                          (5.49) 
Near the resonance  (5.45) the function η  has the following form ( )12rωτ δ⎛ ⎞<<⎜ ⎟⎝ ⎠ : 
  ( ) ( ) ( )1 13 (1) (1)11 1 1 1224 , , , 2 1 zi T p ps s T Pec ωπωη ρ ν ν∗− =⎡ ⎤= Ψ Δ − −⎣ ⎦ ;                    (5.50) 
where 
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ας ωτ π= + ; 
( ) ( )2 212 1 cos 1P T P Qν ω∗= − + − − , 
where 1
1
1
H H
H
−Δ = << ,  is the detuning  of  the  resonance, while the resonant values of the 
magnetic field 1H  are determined by Eq. (5.45).  
In magnetic fields close to the values 2H H=  2
2
1
H H
H
⎛ − ⎞Δ = <<⎜ ⎟⎝ ⎠
, which ensure that the 
resonance condition (5.46)  is satisfied, we obtain  
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 ( ) ( )12 23 (1) (1)11 1 1 124 , ( , , ) 2 1 z zi T p ps s T Pec ωπωη ρ μ μ∗ =⎡ ⎤= Ψ Δ − −⎣ ⎦ ;                      (5.52) 
( ) ( )12 122 2(1 ) 1 (1 )i T i TP e P Q eω ωμ ∗ ∗= − − + − −  .  
As is evident from Eq. (5.51), the tunneling probability Q  and the probability for diffuse 
scattering 1 P Q− −  enter into the width of the function ( )Ψ Δ . For this reason, their resonant 
character, generally speaking, is retained only if  1ν <<  and 1μ <<  i.e., when the collision occurs 
with a low amount of diffuseness   1 1P Q− − << , while the probability for a conduction electron to 
pass through the interface is large ( 1)P <<  or, vice versa, is small ( 1)Q << , and the motion of the 
charge carriers is almost periodic. In the opposite case, the resonance curve is strongly eroded. For 
1 12
1 11Qτ τ<< << −Ω Ω , the width of the resonance lines is determined by the transmission 
probability, as a result of which the impedance of the DLF in the ultra HF range is more sensitive to 
the magnitude of Q  than in the radio frequency range and similar experiments could give additional 
information concerning the properties of the interface. 
The amplitude of the HF field in the spike at 1x D≈  (5.41) is also of a resonant nature. In the case 
when the period 12T  is an extreme for electrons forming the spike, the characteristic scale of 
variation of the field in the spike in resonance at frequencies (5.45) is "compressed" 
[ ] 131 12( , , )k T ν −≈ Ψ Δ , while its amplitude is proportional to [ ]4 / 312( , , )T nνΨ Δ . If, on the other hand, 
the frequency of electron motion 12Ω  for the orbit  intersecting the interface  is not an extreme, then 
the function 22f  (5.18), which determines the width of the spike, is insensitive to the detuning of the 
resonance. The resonance character of the spike is related to the behavior of the function 12f  (5.24), 
which is given by 
1
12 1exp( ) 1f i Tω μ −∗⎡ ⎤≈ − − +⎣ ⎦ . The main characteristics of the spike for resonance 
at frequencies (5.46) show an analogous behavior:  
1 ( );k const≈ Δ     11 1( ) exp( ) 1E D i Tω μ −∗⎡ ⎤≈ − − +⎣ ⎦ . 
The resonance in the spike also appears when the frequency ω  is a multiple of the frequency 2Ω  of 
the electrons entering into it due to the almost specular reflection from the interface. Then  
[ ] 131 2( , , )k T μ −≈ Ψ Δ , while [ ]431 2( ) ( , , )E D T μ≈ Ψ Δ , if the period 2T  is extremal. An exception is 
the case of a double resonance, when conditions (5.45) and (5.46)  are  satisfied  simultaneously.  In 
this case, the change in the type of the trajectory after specular reflection or transmission through 
the interface does not take the electron out of resonance, while the broadening of the lines related to 
the presence of the interface is small.  
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6. EFFECT OF SPONTANEOUS MAGNETIZATION ON THE ELECTRICAL 
CONDUCTIVITY OF FERROMAGNETIC- BASED METALLIC MULTILAYERS 
 
Magnetic multilayers (MML) whose periodic structure contains a ferromagnetic as an element 
display especially interesting properties (see, for example, the review [1]). Giant magnetoresistance 
(GMR), involving a sharp decrease in the sample resistance (sometimes exceeding 100%!) in a 
quite weak magnetic field is without doubt among the most striking and significant effects 
displayed by MML. GMR was observed [2] for the first time in the MML Fe/Cr, and investigated 
subsequently for quite different combinations of ferromagnetic and nonmagnetic metals.  As a rule, 
the MML having an antiferromagnetic structure (spontaneous magnetic moments M , in adjacent 
ferromagnetic ( )F  layers separated by a nonmagnetic ( )N  layer are antiparallel) display GMR. 
This structure is determined by the thickness d  of the N -layer and is formed as a result of indirect 
RKKY interaction between the F -layers. The application of a magnetic field H  parallel to the 
boundaries of a MML leads to an alignment of magnetic moments M  in F -layers along the vector 
H . At the same time, the sample resistance decreases significantly. The most well founded 
hypothesis about the origin of GMR can be the assumption about the dominating role of electron 
scattering at the internal boundaries, which depends on the spin of electrons [1,2]. It is based on the 
well-known fact that the cross-sections of scattering of charge carriers with different spin by 
magnetic impurities are different [3] in view of the  dependence of the density  of  electron  states at 
the Fermi surface on a spin direction [4]. A comparison of theoretical calculations [57-61] with the 
experimental results shows that GMR can be described quite accurately by using Boltzmann's 
kinetic equation for quasiclassical electron distribution functions with boundary conditions in which 
the probability of scattering of charge carriers at the layer boundaries depends on spin.  
In this chapter we describe the results of theoretical investigations [62] of the effect of internal 
magnetic field B  on electron trajectories, which is manifested in the conductivity of ferromagnetic-
based magnetic multilayers (MML). This effect may be due to a significant variation of the 
dynamics of charge carriers colliding with interfaces in a field B , just like the emergence of static 
skin effect in thin films caused by electrons "hopping" over the surface in a magnetic field [63-65]. 
These ballistic effects, which are extremely sensitive to the mutual orientation of the electric current 
J  and magnetization sM , may be manifested as anisotropy of giant magnetoresistance. We show 
that the experimental investigation of the MML conductivity for various angles between the vectors 
J  and sM  can provide information about the probability of tunneling of charge carriers through the 
interfaces. A consideration of such trajectory effects in a ferromagnetic with a domain structure [66, 
67] made it possible to explain the negative magnetoresistance observed in them. 
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Let us consider an infinite periodic system consisting of alternating layers of ferromagnetic and 
nonmagnetic metals of the thicknesses d  and fd . An electron having spin σ  colliding with the 
interface has a probability Qσ  of tunneling into the adjoining metal without scattering, and a 
probability Pσ  of specular reflection. Analyzing the role of trajectory effects, let us consider the 
case when the width fd  of the F -layer is larger than the characteristic Larmor radius r  of electron 
trajectories in the field B  ( )fr d l< << . The induction 0B  of the external magnetic field required 
for the change of the system from the antiferromagnetic to ferromagnetic state is assumed to be 
quite small. Consequently, 0 ,r r l>>  and its effect on the orbits of charge carriers can be 
disregarded ( 0 0Fr cp eB= ). For example, 2.5B T≈  for Fe, a giant magnetoresistance is 
observed in the Fe/Cr system in fields 0 0.1B T≈ . 
In order to calculate the current in MML for a given electrical field we must find the electron 
distribution function (2.9) taking into account dependence of probabilities Qσ  and Pσ on the spin 
σ . The values of the functions ( )ikF σ  of characteristics in the solution (2.9) of the kinetic equation 
should be defined with the help of the boundary conditions [15, 58] connecting the distribution 
function ( ), 0nii v
σ
>Ψ  of electrons flying into the i-th layer on the interface intx x=  with the distribution 
functions of charge carriers incident on the boundary from the same layer ( ), 0nii v
σ ′
<Ψ  or the adjacent 
layer ( ), 0nik v
σ ′′
>Ψ :    
( ) ( ') ( ")
, 0 int , 0 int , 0 int( , ) ( , ') ( , ")ni ni nii v i v k vx P x Q x
σ σ σ
σ σ′ ′′> < >Ψ = Ψ + Ψp p p ,                        (6.1) 
where ni xiv v= ±  is the projection of the velocity iv  on the inward normal to the boundary of the  i -
th layer. The momenta , ', "p p p  are connected through the conditions of conservation of energy 
and their tangential component relative to the plane intx x=  (see, Eqs. (2.5), (2.6)). In the case of 
MML with antiferromagnetic order of spontaneous magnetic moments sM  the conditions 
σ σ σ′ ′′= = −  and σ σ σ′ ′′= − =  must be satisfied for electrons flying into the F -layer and for 
charge carriers falling into the N -layer, respectively. If the moments sM , are parallel 
(ferromagnetic order in MML), we should put σ σ σ′ ′′= = . The boundary condition (6.1) is valid if 
there is no diffuse scattering of electrons at the boundaries, i.e., 1P Qσ σ+ = . Consideration of the 
weak diffusivity of the boundary ( 1 , 1P Qσ σ σ σρ ρ+ = − << ), which violates the ballistic motion 
of electrons, causes just a slight decrease in the trajectorial contribution to the conductivity of 
MML. 
 38
6.1 Solution of the kinetic equation and general expression for electrical current in a MML  
For ferromagnetic and antiferromagnetic structure of MML the function ( ) ( , 1, 2)ikF i k
σ =  assumes 
(for a given σ ) four values each corresponding to the motion along a certain segment of the 
trajectory (see Fig.10 a  and b). Substituting the solution in the form (2.9) into the boundary condi-
tions (6.1), we arrive at a system of eight algebraic equations, whose solution can be written in the 
form 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){1 2 2ii ii k ik ki k ik ki kF D P G Q P A Q Aσ σ σ σ σ σ σ σ σσ σ σ σϕ α α ϕ α′ ′ ′ ′ ′− ⎡ ⎤= + − + +⎣ ⎦  
( ) ( ) ( ) ( )}ki k kk kiQ G Q Qσ σ σ σσ σ σϕ ϕ α′ ′ ′ ′′+ ;  ,i k≠                                        (6.2) 
for parts of trajectory lying in the F -layer, and 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }1ik ii k ik ki k i ki k i kk ki iF D Q G A A G A Q Aσ σ σ σ σ σ σ σ σ σ σ σ σσ σϕ ϕ α ϕ ϕ α′ ′ ′ ′ ′ ′ ′− ′= + + + ;   .i k≠      (6.3) 
Here 
a b 
 
Figure 10. Electron trajectories for ferromagnetic (a) and antiferromagnetic (b) structure of 
multilayer. 
 
( ) ( ) ( ) ( ) ( ) ( ) ;k i ik ki k iD G G A A
σ σ σ σ σ σα α′ ′ ′= −                                                    (6.4) 
( ) ( )1 ;i iiG P
σ σ
σα= −                                                                   (6.5) 
( ) 2 2 ( )( ) ;i iiA P Q P
σ σ
σ σ σ α= + −                                                         (6.6) 
( ) ( )
( ) 1 2exp ;
i k
ik
σ
σ
λ λα τ
⎛ ⎞−= ⎜ ⎟⎝ ⎠
                                                          (6.7) 
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( )
2
( )
1
( )
( ) 2( ) exp ,
k
i
k
ik i
tdt t
λ
σ
σλ
λϕ τ
′⎛ ⎞−′ ′= ⎜ ⎟⎝ ⎠∫ v E                                                  (6.8) 
where ( )1
iλ  and ( )2kλ  are two successive instants  ( ( )1 iλ  < ( )2kλ  ) of collision of an electron with the 
same ( )i k=  or different ( )i k≠  boundaries. The quantities ( )ikσα  and ( )ikσϕ  have the meaning of the 
probability of an electron to move without scattering in the bulk over the corresponding segment of 
the trajectory and the energy acquired by this electron in an electric field over this segment. For 
charge carriers moving in closed Larmor trajectories in the bulk of the ferromagnetic, we should put 
λ = −∞  in formula (2.9). Their contribution to the current can be calculated easily by using the 
well-known magnetic conductivity tensor for an infinite metal [16]. 
The current produced by electrons colliding with two adjacent MML boundaries can be 
presented in the form 
( ) ( )
11 122I I I
α α
α = + ;     , ,y zα =                                                 (6.9) 
where 11I  is the current passing in the boundary region of width 2 ( )Fr r cp eB=  in the F -layer:   
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( )
11 3
0 0
( ) ( ) ( )
H
H
T T
z xi i
e BI dp d v dt t v t
ch
α
α
σ
λ λ θ λ= − − ⋅∑∫ ∫ ∫  
( )
11 exp ( ) exp
t
i
t t tF dt tσ
σ σλ
λ
τ τ
⎧ ⎫⎛ ⎞ ⎛ ⎞′− −⎪ ⎪′ ′+⎨ ⎬⎜ ⎟ ⎜ ⎟⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭∫ v E                                    (6.10) 
and 12I  is the current in the N -layer: 
( )
2
( )
12 3
12
2 ( )
1 exp ,
xi i
i
i xi i
xi
dSeI v v
vh
dd v F
v
α
α
σ
σ σ σ
σ
θ
τ τ ττ
= −
⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪+ − −⎨ ⎬⎢ ⎥⎜ ⎟⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
∑∫ p
v E v E
                                (6.11) 
where  zp  is the momentum projection on the direction of the magnetic field B . While writing the 
expression (6.10), we used Eq. (2.11) to go over from integration over the coordinate x  to 
integration over the collision instant λ . Formula (6.11) describes the doubled electron current with 
negative velocity xiv . It can easily be verified that, in view of the symmetry of the problem, the 
contributions from charge carriers with 0xiv >  and 0xiv <  to the conductivity of the N -layer are 
identical. 
Formulas (6.10) and (6.11) are valid for any form of the Fermi surface of charge carriers. While 
calculating the current in the MML in the following analysis, we use the frequently employed 
model of a compensated metal with identical quadratic isotropic energy-momentum relations for 
electrons and “holes”. Naturally, such a simple model does not take into consideration a whole 
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range of very fine effects associated with the existence of a contact potential difference at the 
boundaries, peculiarities of electron tunneling due to a difference in the Fermi surfaces in magnetic 
and nonmagnetic metals, etc. However, this model makes it possible to find the explicit form of the 
dependence of current on the thicknesses d  and fd  and the magnetic induction B , and provides a 
qualitative description of the conductivity of an MML with an arbitrary closed Fermi surface just as 
in the case of a bulk conductor. The condition of compensation (equality of concentrations 1n  of 
electrons and 2n  of holes) allows us to neglect the Hall components of the MML conductivity and 
to disregard Eq. (2.13) for the field xE , which can be solved only numerically. Note that the strict 
equality 1 2n n= , which is quite normal for nonmagnetic metals, is not satisfied for pure 
ferromagnetics. However, it was shown by Kaganov and one of the authors  [68] that so far as the 
galvanomagnetic properties are concerned, a metal for which the inequality 
1 2 1 2/( )n n n n r l− + <<  is satisfied behaves like a compensated metal. Such a situation can be 
expected, for example, in 4 f -ferromagnetic metals. 
6.2 MML conductivity parallel to the interfaces  
In the model of spherical constant energy surfaces, we obtain the following expressions for the 
components of electron (hole) velocities: 
sin ;xv v t⊥= − Ω    cos ;yv v t⊥= Ω     z zv p m= ,                              (6.12) 
where /e B mcΩ =  is the cyclotron frequency, ( ) ./2/122 mppv xF −=⊥ . For the instant 0t = , we 
chose a point on the Fermi surface corresponding to charge carriers moving parallel to the 
boundaries (Fig. 11). In this reference system, the "instants" ( )1,2
iλ  of collisions are defined as 
(1)
1 ;λ λ= −    (2) (1)1 2 ;λ λ λ= =    (2)2 ;HTλ λ= −    2 ;HT π= Ω                         (6.13) 
for the ferromagnetic structure of MML, and  
 (1) (2)1 2 ;λ λ λ= = −     (1) (2)2 1λ λ λ= = .                                          (6.14) 
for the antiferromagnetic structure. 
Let us first consider the current flowing at right angles to the vector B  and present it in the  
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a b 
 
Figure 11. Electron trajectories in the momentum space for ferromagnetic (a) and 
antiferromagnetic (b) order of spontaneous magnetic moments. Points 1 and 2 correspond to the 
motion at a constant velocity in the nonmagnetic layer.  
 
following form by using formula (6.9): 
( ) ( )4 ,F Ny yy yy yI r d Eσ σ⎡ ⎤= +⎣ ⎦                                                   (6.15) 
where ( )Fyyσ  is the conductivity of the boundary region of the F -layer, and  ( )Nyyσ  the conductivity of 
the N -layer. In order to pay special attention to the effect of the boundaries on the conductivity of 
MML, we can present the expression for ( , )F Nyyσ  for the case when the bulk relaxation frequencies in 
the layer are identical ( ) :σ σ στ τ τ τ′ ′′= = =  
( )
12
( ) 2 3 2 10 0
2 22
0 1
39 sin (1 )
64 161 1
F
yy d du u D
π
σ
σ σπ γσ ϕ ϕπγ γ
−
−
= + − ⋅+ + ∑∫ ∫  
}{ 11 22cos (2 )sina aϕ γ ϕ+ − ⋅  
{ ( ) 2 ( )2 22 12 12 2 12 22sin 2 (2 ) (2 )(2 3 ) (1 )(2 )Q A Q Q a a a Q A Q Q a aσ σσ σ σ σ σ σϕ ′ ′′ ′⎡ ⎤+ − + − − − − +⎣ ⎦∓  
]}( ) ( )12 2 22 12 2cos 2a Q A Q a a Aσ σσ σϕγ ′ ′′⎡ + −⎣ ;                               (6.16) 
{1( ) 2 3 / 2 1 ( )00 12 11 22
0 1
3 sin cos (1 ) sin (2 )
4 1
N
yy d du u D a Q a A
π
σ
σ
σ
σσ σ ϕ ϕ ϕ γ ϕπ γ
′−
−
⎡= + − −⎣+ ∑∫ ∫ ∓  
[( ) 212 22 1 11 22(1 )(2 ) cos ( )Q a a A Q Q a aσσ σ σγ ϕ′ ′⎤− − − + +⎦  
  }( )11 22 12 22 1( 3 )Q Q Q Q a a Q a a A σσ σ σ σ σ′ ′ ′ ⎤+ − − ⎦ ,                      (6.17) 
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where 
( ) ( ) 2 ( ) ( )
11 2 22 1 11 22 12 12 1 2(2 ) ;D Q a A Q a A Q Q a a a a A A
σ σ σ σ
σ σ σ σ
′ ′
′ ′= + + − −         
( ) (1 2 ) ;i iiA Q Q
σ
σ σ α= + −    γ τ= Ω ; 
2
12 1 exp( ( )sin 1 );a d l uϕ= − − −   ;Fpl m
τ=    
2
1 2
0
( )n n e
m
τσ += , 
0σ  is the conductivity of the bulk metal. For an MML with ferromagnetic structure, we should 
choose the upper sign in formulas (6.16) and (6.17) and put σ σ ′= : 
11 1 exp( 2 );a ϕ γ= − −     22 1 exp( 2( ) / ).a π ϕ γ= − − −                             (6.18) 
The antiferromagnetic structure of MML corresponds to the lower sign and :σ σ ′≠  
11 22 1 exp( 2 / ).a a ϕ γ= = − −                                                 (6.19) 
The condition of strong magnetic field 1l rγ = >>  allows us to expand iia , up to the first 
nonvanishing term, and we shall treat these quantities to be small and of the order of 1.γ −  
In spite of a number of simplifying assumptions, the expressions (6.16) and (6.17) remain quite 
cumbersome. We shall present below their asymptotic forms for the most interesting cases. 
1.Q r lσ << . For such a low tunneling probability, there are practically no electron trajectories 
passing through two F -layers, and the conductivities ( , )F Nyyσ  are independent of the mutual 
orientation of magnetic moments sM : 
2
( )
0
1
9 3 ( ) , / , ; ( )
32 8
9 1 , / ; ( )
32 4 2
F
yy
g Q Q g Q d l а
dg g Q d l b
r
σ σ σ
σ
γ σ σ
σ σ
π
′
⎧ ′− + << ≠⎪⎪≅ ⎨⎪ − >>⎪⎩
                  (6.20) 
    
2
( )
0
31 ( ) 1 , / , ; ( )
16 2
3 ln , / ; ( )
4
N
yy
l gQ Q Q d l a
d
Q Q d l Q d l b
Q Q l d
σ σ σ
σ σ
σ
σ σ
σ σ
σ σ
′
′
′
⎧ ⎛ ⎞ ′− + − << ≠⎜ ⎟⎪⎪ ⎝ ⎠≅ ⎨ +⎪ >>⎪⎩
                (6.21)  
where 
[ ]1 3 ( ) (3 ) ;
4
g Si Siπ π= −    1 (2 );g Si π=   [ ]2 3 ( ) (3 ) ln 3 .4g Ci Ciπ π= − +  
2. / / .r l Q d lσ<< <<  These inequalities mean that charge carriers freely penetrate into nonmagnetic 
metal from the ferromagnetic metal, but still the ballistic motion of electrons does not lead to a 
connection between F -layers because of a large thickness of the N -layer: 
 43
( )
0
1 1 , , ( );Fyy
r a
l Q Qσ σ
σ σ σ σ
′
⎛ ⎞ ′= + ≠⎜ ⎟⎝ ⎠
 
( )
0
31 , ( )
8
N
yy
r b
d
σ σ ⎛ ⎞= −⎜ ⎟⎝ ⎠ .                                                 (6.22)  
3. / , / .Q r l d lσ >>  In this case, the boundary is practically transparent to charge carriers, and the 
dominating role in the conductivity of MML is played by periodic trajectories intersecting two F -
layers. The nature of these trajectories depends on the direction of the magnetic field B  in F -
layers because of which the asymptotic forms of the conductivities ( , )F Nyyσ are found to be quite 
different for different types of magnetic order in MML. 
The ferromagnetic structure of MML is characterized by the relations 
2
( )
0
5 3(1 ) (3 2) , , ( );
8 16
13 , , ( );
16
F
yy
r rdQ Q d r a
l l
Q r d r b
Q l
σ σ
σσ
σ
σ σ
⎧ − + − >>⎪⎪≅ ⎨ −⎪ <<⎪⎩
∑                       (6.23) 
( )
0
31 , , ( );
8
(1 )3 ln , , ( );
N
yy
r d r a
d
Qd l r d r b
r d Q l
σ
σ
σ σ
π
⎧ − >>⎪⎪≅ ⎨ −⎪ + <<⎪⎩
                                  (6.24) 
while for the antiferromagnetic structure of MML we can write 
( )
0
6 , , ( );
5
9 , , ( );
32
F
yy
r d r a
d
g d r b
σ σ
⎧ >>⎪⎪≅ ⎨⎪ <<⎪⎩
                                               (6.25) 
( )
0
1
31 , , ( )
8
4 1ln , , ( ).
N
yy
r d r a
d
d l g d r b
r d
σ σ
π π
⎧ − >>⎪⎪≅ ⎨⎪ + <<⎪⎩
                                       (6.26) 
It is well known that the bulk conductivity bσ⊥  of a compensated metal in a direction 
perpendicular to the magnetic field B  is given by [16] 
2
0b
r
l
σ σ⊥ ⎛ ⎞= ⎜ ⎟⎝ ⎠   for   r l<< .                                               (6.27) 
Hence, for thicknesses fd l<<  of the F -layer, the main contribution to the MML conductivity 
comes from the N -layers and the boundary region of the ferromagnetic. 
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Using formulas (6.10) and (6.11) to calculate the current flowing along the vector B  in an 
MML, it can be easily verified that 
( ) ( )
0
F N
zz zzσ σ σ= =                                                            (6.28) 
for any value of the tunneling probability .Qσ  
6.3 Qualitative description of the results 
 
Let us now discuss the analytic results for conductivities ( , )F Nyyσ  (formulas (6.20)-(6.26)) obtained 
with the help of the exact formulas (6.16), (6.17) (within the limits of the model) using the concepts 
about the effective number of charge carriers effn  and their mean free path .effl  Such an approach, 
which allows a qualitative description of transport phenomena in conductors, is used frequently in 
the physics of normal metals [16]. It is based on the extremely simple assumption that the 
conductivity of a complex system can be described roughly by the simple Drude-Lorentz relation 
containing the relative number effn  of electrons participating in the conduction, and the length effl  
characterizing the energy effeElεΔ = acquired during the mean free time τ . 
2
0 .
eff eff eff eff
F
n e l n l
p nl
σ σ= ≡                                                      (6.29) 
In the limit 0Q →  (for simplicity, we shall assume that the tunneling probability Q  does not 
depend on spin), the electrons interacting with the boundaries perform independent periodic motion 
in the N -layer (along a trajectory broken by specular reflections) and in the F -layer (along a "hop-
ping" trajectory). The path traversed by them along the electric field is defined as effl l≅  and the 
contribution to the conductivity is of the order of the conductivity 0σ  of the bulk sample. For 
0Q ≠  however, / , / ,Q r l d l<<  and most of the electrons fail to tunnel to the adjoining metal. 
However, as a result of each collision with the boundary, Q n  charge carriers are left out from the 
conduction process and go over to another layer. The total number of such carriers is 
effn n n MQnδ = − ≅ , where M  is the number of collisions with the boundary during a time τ  
( /M l r≈  for the F -layer and /M l d≈  for the N -layer). Accordingly, the conductivities ( )Fσ⊥  
and ( )Nσ⊥  [see Eqs. (6.20a) and (6.21a)] are found to be of the order of 
( )
0 1
F Ql
r
σ σ⊥ ⎛ ⎞≈ −⎜ ⎟⎝ ⎠ ,      / , / ;Q r l d l<<                                          (6.30) 
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( )
0 1
N Ql
d
σ σ⊥ ⎛ ⎞≈ −⎜ ⎟⎝ ⎠ ,      / ; / .Q r l d l<<                                           (6.31)  
For /Q d l>>  the electrons tunnel freely from N -layer to the F -layer, but their return during the 
mean free time is unlikely in view of the inequality /Q r l<< . The situation arising in the N -layer 
is analogous to that in a thin plate with charge carriers scattered diffusely at the surface [15,69], 
when effl  is of the order of its thickness d , which leads to a decrease in the conductivity by a factor 
/l d . Before tunneling, the electrons manage to cover a distance /effl d Q≈  in the N -layer, making 
a contribution  
( )
0 ln
N d l
lQ d
σ σ⊥ ≈ ,      / / ,d l Q r l<< <<                                   (6.32) 
to the conductivity [see (6.21b)]. As usual, ln( / )l d  reflects the contribution to ( )Nσ⊥  from electrons 
flying nearly parallel to the boundaries for which effl l≈ . Conversely, the conductivity of the F -
layer even becomes slightly higher since almost all of the ( )/n l r Q nδ ≅  electrons tunneled 
through it return, and the difference between ( )Fσ⊥  and 0σ  is associated with a decrease in their 
effective mean free path by their path /d Q  in the N -layer [see (6.20b)]: 
( )
0 1
F d
r
σ σ⊥ ⎛ ⎞≈ −⎜ ⎟⎝ ⎠ ,   / / .d l Q r l<< <<                                     (6.33) 
Conversely, if  / /r l Q d l<< <<  the charge carriers in the ferromagnetic go over to the N -layer 
after covering a path /effl r Q l= <<  along the boundary, and the conductivity associated with them 
(see (6.22a)) is of the order of 
( )
0 ,
F r
Ql
σ σ⊥ ≅        / /r l Q d l<< << .                                       (6.34) 
The conductivity of the N -layer in the main approximation in the small parameter ( )/d Ql  
coincides with the conductivity of a thin plate with specular boundaries [15,69]  (i.e., equal to 0 )σ . 
Its decrease is determined by the effective mean free path /effl l r Q= −  for ( / )n l d Qnδ =  
electrons entering the F -layer (see (6.22b)): 
( )
0 1
N r
d
σ σ⊥ ⎛ ⎞= −⎜ ⎟⎝ ⎠  ,     / / .r l Q d l<< <<                                   (6.35)  
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For a highly transparent boundary /Q r l>> , /d l  a connection between F -layers is established 
due to trajectorial motion of electrons, and the conductivity of MML depends on the mutual 
orientation of magnetic field in them. 
For the ferromagnetic structure of MML, electrons in different F -layers move in directions 
opposite to the electric field. In the limit 1, 0Q d→ → , the magnetic field in the sample is 
uniform, and the conductivity ( )Fσ⊥  coincides with the corresponding value for an infinite conductor 
bσ⊥  defined by Eq. (6.27). Proceeding from the concepts about the effective mean free path, the 
quantity bσ⊥  can be estimated as follows. The displacement of an electron along the vector E  over 
a period is equal to zero on account of its periodic motion, i.e., 0effl =  in the main approximation in 
/ .r l  However, taking into consideration the collisions and the fact that lengths 1l  and  2l  of 
trajectory segments along and against the field E  are different  1 2( ),l l r− ≅  we obtain the 
following estimate for :effl  
( ) 21 1 2exp expeff
l l rl r
l l l
⎛ ⎞ ⎛ ⎞≅ − − − ≅⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠  for  r l<< ,                            (6.36) 
which corresponds to formula (6.27). For 1, 0Q d≠ ≠  (but for / , /Q r l d l>> ), the difference 
between the quantities ( )Fσ⊥  and ,bσ⊥  is due to two reasons. First, as a result of reflection at the 
boundaries, (1 )effn Q n= −  electrons have displacements in opposite directions, differing by a 
quantity of the order of ( )1effl r≈ . Second, bulk scattering at trajectory segments lying in the N -layer 
leads, as in a bulk metal, to a nonzero effective mean free path 
( )2 1 2 2exp expeff
l l d rdl r
l l l
+⎛ ⎞ ⎛ ⎞≅ − − − ≅⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠  for  l d r>> >> .                       (6.37) 
The above processes define two contributions to the conductivity ( )Fσ⊥  of the F -layer (see Eq. 
(6.23a): 
( )
0 0 2(1 )
F r drQ
l l
σ σ σ⊥ ≅ − + ,    / , / .Q r l d l>>                                    (6.38) 
In the case under consideration, the N -layer conductivity also contains two terms, one of which 
coincides with the first term in (6.38) and has the same origin. The second term is associated with 
the energy acquired by an electron directly in a nonmagnetic metal over a length ,effl dM≅ where 
M  is the number of collisions with the boundary over a period T . For transmission probabilities 
close to unity, /( ).M l d r≅ +  Hence the total conductivity ( )Nσ⊥  (see Eq. (6.24)) can be presented 
in the form 
 47
( )
0 0(1 )
N d rQ
r d l
σ σ σ⊥ ≅ + −+ ,     / , / .Q r l d l>>                              (6.39)  
 If the MML has an antiferromagnetic structure, and for a high transparency of the boundaries 
/ , /Q r l d l>>  electrons move along an open trajectory, being displaced along the electric field in 
the same direction. Their effective mean free path in the F -layer is effl rM≅ and the conductivity 
( )Fσ⊥  (see (6.25)) is defined as 
( )
0 ,
F r
r d
σ σ⊥ ≅ +      / , / .Q r l d l>>                                       (6.40)  
The conductivity of the N -layer in the case under consideration is weakly sensitive to the 
relation between d  and r . Even for ,r d>>  when charge carriers spend most of the mean free time 
in F -layers, moving in the same direction in these layers, they acquire energy in an electric field. 
Hence effl  is always of the order of l , and the conductivity is comparable with the conductivity 0σ  
of the bulk metal (see Eq.(6.25)). It follows from Eqs. (6.38)-(6.40) that the change in the magnetic  
order in MML (under the action of the external field) leads to a considerable increase in the 
conductivity of both F - and N -layers in a direction perpendicular to the magnetic field.  
Thus, if the radius r  of the electron carrier trajectory in the magnetic field with spontaneous 
induction B  is smaller than the ferromagnetic layer thickness, the conductivity of MML is sensitive 
to the direction of the current flowing parallel to the boundaries. The MML conductivity 
perpendicular to the vector B  depends significantly on the probability of tunneling of electrons 
through the boundary, and also on the mutual orientation of the magnetic moments for quite large 
values of Q . The anisotropy of the MML resistance defined by these trajectory effects may well 
exceed the contribution emerging from a consideration of the anisotropy of matrix elements of spin-
orbit interaction in a ferromagnetic, which is usually of the order of a few percent [67]. Thus, the 
experimental investigation of the longitudinal and transverse resistance (relative to the intrinsic  
magnetic field) for different types of magnetic order in a multilayer can provide information about 
the nature of interaction of charge carriers with the boundaries between layers. 
 
7.  BALLISTIC PHENOMENA IN THIN LAYERS OF A NORMAL METAL ADJACENT 
TO A SUPERCONDUCTOR. 
 
As it was shown by Andreev [70], the reflection of charge carriers by the boundary between the 
normal ( )n  and superconducting ( )s  phases is accompanied by a reversal of the charge and the 
velocity of excitations if its energy ( ) ( ) Fξ ε ε= −p p , is less than the gap in the superconductor. A 
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lot of experimental results that was obtained to date confirm the existence of Andreev reflection. 
The most detailed information on the type of the interaction of quasiparticles with the n s−  
interface can be obtained using effects, in which the principal role is played by a select group of 
charge carriers. These carriers incident on the boundary between the phases at a definite angle. 
Andreev reflection was directly observed, for example, using the radio frequency (RF) size effect 
[71], the transverse electron focusing [72] and the geometric resonance of the ultrasonic attenuation 
[73]. 
In this chapter, we consider the high-frequency (HF) impedance of a thin normal metal layer, 
which is bounded on one side by vacuum and on the other by the superconductor. The layer 
thickness d is much less than the electron mean free path l  but substantially larger than the skin-
layer depth δ . This corresponds to the geometry used in the experiment by Krylov and Sharvin [73] 
(Fig.12). They have noted that at d r=  ( r  is the characteristic Larmor radius) the carriers returning 
to the skin layer after one Andreev reflection (trajectory b  in Fig.12) contribute to a screening 
current of opposite sign. This is manifest by an additional RF size-effect line in a magnetic field 
0
FcpH H ed= = .  
 
Figure 12.  Onset of a HF field spike in a normal-metal layer at a depth D  in the case of Andreev 
reflection of carriers by the sn −  interface dx = . The electron and hole trajectories are designated 
by solid and dashed curves, respectively.  
 
We have analyzed in details the effect of a change of the surface current on the layer impedance 
[74]. It was found that when the carriers are diffusely reflected by the sample boundary, the effect 
of the cutoff of the electron orbits with radius r d>  decrease  the number of charges that  
efficiently interact with the RF wave. 
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A number of effects due to the Andreev reflection are possible in the microwave region. If the 
thickness of the normal layer satisfies the condition 2r d r< < , the period of the motion of the 
electrons that interact with the n s−  interface (trajectory a in Fig.12) coincides with the Larmor 
period HT  of the electron motion. Hence, the resonance frequencies of the external electromagnetic 
field ,nω = Ω  ( 2 HTπΩ = ) are the same as in the bulk conductors [51]. It is easily seen that the 
same carriers produce in the layer a narrow HF field spike, similar to the spikes produced in the 
bulk of the normal metal in the magnetic field parallel to the surface [16,45,47, 48].  
If the electron reflection by the external surface 0x =  is close to specular, the electrons moving 
along this surface can return periodically, at a frequency 0 02 TπΩ = , to the spike (trajectory b  in 
Fig.12) and their interaction with the electromagnetic field in the spike is resonant. In the magnetic 
field 0H H< , when the Larmor radius exceeds the layer thickness, ,r d>  the situation depends 
essentially on the type of the electron interaction with the external boundary. At the diffusive 
reflection, the lines of the cyclotron resonance are cut off in fields 0H H≈ . At the specular 
reflection, the positions of the resonance lines, relative to the magnetic field scale, change because 
of the dependence of the period of the motion of the effective charges on the layer thickness d . 
Since the resonance line is formed by carriers with extremal periods of the motion, an investigation 
of the impedance in the microwave region yields detailed information on the Andreev reflection of 
quasiparticles belonging to select cross-sections of the Fermi surface. 
We consider below a situation, in which a HF field spike does not come close to the n s−  
boundary. Consequently, the amplitude of the electromagnetic wave at the superconductor 
boundary is small. In this case, the influence of the superconductor on the total impedance of the 
sample is connected mainly with the change of the dynamics of the electrons in the normal-metal 
layer, which collide with the boundary x d=  and interact with the HF field in the skin layer. 
Therefore at d D δ− >  ( D  is the distance from the HF field spike to the surface 0x = ) there is no 
need to solve the microscopic problem of the penetration of the electromagnetic field into the 
superconductor. It suffices to take into account the presence of Andreev reflection from the plane 
x d= .  
7.1 Solution of Kinetic Equation  
Although the Andreev reflection is essentially a quantum effect, the motion of an excitation in an 
interval between two collisions with n s−  interface is quasiclassical [70]. The kinetic 
characteristics of the normal phase can be calculated by using the Boltzmann equation (2.1) for the 
increment  
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0
0( , , )
f t
ν
ν ξ
⎛ ⎞∂− Ψ⎜ ⎟∂⎝ ⎠
p r ,                                                           (7.1) 
to the equilibrium distribution function  
0
1( ) 1
2 2
f th
T
ν ξξ ν⎛ ⎞⎛ ⎞= + ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠ ,                                                (7.2) 
of the electrons ( 1)ν = −  and of the holes ( 1)ν = . The boundary condition that connects the 
distribution functions Ψ  of the incident and reflected carriers on the external surface of the sample 
can be written in the form (2.15). 
The condition for the reflection of excitations at the n s−  boundary x d=  has the form [75]  
( , ) ( , )ref incAd Q dΨ = − Ψ −p p ,                                             (7.3) 
where AQ  has the significance of the probability of Andreev reflection of carriers. At 1AQ =  the 
condition for Andreev scattering from the n s−  interface x d=  corresponds to the free flow of the 
current through the interface.  
We consider the absorption of the monochromatic waves with the frequency ω . In these cases 
the function 0( , )tΨp r can be written in the form: 
0 0( , ) ( ) exp( )t i tωΨ = Ψ −p pr r .                                               (7.4) 
The solution (2.9) of the kinetic equation (2.1) contains an arbitrary function ( ( ))F t−r r of the 
characteristics. The boundary conditions (2.15) and (7.3) enable us to obtain an explicit expression 
for the function F .  
In a magnetic field parallel to the external boundary and to the interface, the carrier motion in a 
plane perpendicular to the vector H  is periodic. The conditions (2.15) and (7.3) lead to a system of 
linear equations for the functions F , corresponding to motion along one of the segments of the 
trajectories (Fig.13) between two successive reflections. For carriers interacting only with the 
interface (Fig. 13a) we have 
[ ]0i A A k i kF A Q Q α ϕ ϕ= − ,         , 1, 2;i k =         i k≠ ,                          (7.5) 
where               
1 2
0 1 ;A i kA Q α α− = −                                                           (7.6)   
       { }exp ( )i i iiα ω λ λ∗ ′= − ;                                                   (7.7)  
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a b c 
 
Figure 13  Possible types of periodic trajectories of carriers interacting with n-s boundary. The 
numbers 1-9 indicate, which of the function iF  (Eqs. (7.6), (7.10), (7.11) corresponds to a given 
segment of the trajectory between two successive collisions of the carrier with layer boundaries. 
 
  ( ( ) ( , )) ( , )
i
i
i idt g x x t x t t
λ
λ
ϕ α λ
′
′ ′ ′ ′= + −∫ p ,                                      (7.8) 
( , ) ( ) ( ).g x e x=p E v p                                                    (7.9)   
Here iω ω τ∗ = + ; t  is the “time” of the electron motion along a trajectory in the magnetic field; 
iλ , and iλ′  are the instants of two successive collisions of the quasiparticle with the boundaries 
i iλ λ′< .  
For the carriers that interact with both boundaries of the normal layer and collide twice with the 
n s− boundary after specular reflection from the surface 0x =  (Fig.13b), the function 2 ( )kΕ  
assumes three values: 
( )3 1 5 4 1 4 3 5 ;A AF A Q Q qα ϕ α ϕ ϕ= + −⎡ ⎤⎣ ⎦  
( )4 1 3 5 4 5 3 ;A AF A Q Qα α ϕ ϕ ϕ= − +⎡ ⎤⎣ ⎦                                            (7.10) 
( )5 1 1 4 3 5 3 4 ;A AF A Q q Qα α ϕ ϕ ϕ= − −⎡ ⎤⎣ ⎦  
1 2
1 1 3 4 51 AA q Q α α α− = − . 
If the carriers do not collide twice in succession with the same surface of the metallic layer 
(Fig.13c),  iF  takes on four different values: 
( ){ }2 1 1 ;i A m A l k k i l mF A Q q Q qα α ϕ α ϕ ϕ ϕ′= + − −⎡ ⎤⎣ ⎦  
( ){ }2 1 1 ;k i A i m m A l k lF A q Q q Qϕ α ϕ α α ϕ ϕ′= − − −⎡ ⎤⎣ ⎦                                (7.11) 
1 2
2 1 1 6 7 8 91 ;AA q q Q α α α α− ′= −       1 1 0( , )z mq q pε λ′ ≡ − ; 
, 6,8;i l =    , 7,9;k m =       ;i l≠     ;k m≠    1;k i− =    1,m l− =  
where 1q  is a specular parameter of the external surface; zp  is the projection of the momentum on 
the direction of the magnetic field. We shall not present here for the function F  the well known 
value corresponding to quasiparticles that move periodically along the metal surface (see Eq. (5.4)). 
The distribution function of the electrons in the bulk of the layer can be obtained from (2.9), in 
which we must put .λ = −∞  Below for simplicity we assume 1AQ = . 
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7.2 “Spike” of HF field in the normal layer  
Let us consider the monochromatic electromagnetic wave incidents on the metal surface. Maxwell 
equation in the Fourier representation 
2
( 2
4( ) 2 (0) 2 ( )sin 2 ( ) cos ( )ik k E kE d kd E d kd j k
cμ μ μ μ μ
π ω′ ′Ε + − − = ,             (7.12)             
where  
0
( ) ( )
2 cos
( ) ( )
dk E x
dx kx
j k j x
μ μ
μ μ
Ε⎧ ⎫ ⎧ ⎫=⎨ ⎬ ⎨ ⎬⎩ ⎭ ⎩ ⎭∫ ,                                          (7.13) 
is an integral equation, since the relation between the Fourier components of the current ( )j kμ  and 
of  the  electric field ( )E kμ  is non-local: 
0
( ) ( , ) ( ) ,j k K k k k dkμ μν ν
∞
′ ′ ′= Ε∫         , , .y zμ ν =                                 (7.14) 
The relation between the field ( )E dμ  and its derivative ( )E dμ′  is determined from the solution 
of the boundary-value problem at x d= . However, in the approximation in the small parameter 
1d
δ << , which will be considered below, the impedance terms containing ( )E dμ  and ( )E dμ′  are 
small and can be omitted. Solution of the kinetic equation yields the high-frequency conductivity 
tensor ( , )K k kμν ′ , which is the kernel of the integral operator that relates ( )j kμ  and ( )E kμ . In the 
anomalous skin effect, when ( , )r d lδ << << , the significant values are 1k δ −≈   and to determine  
the surface-impedance tensor Zμν  it suffices to know the asymptotic expression for  ( , )K k kμν ′   at  
large k   and  k ′ . In addition, we shall assume that the time of flight of the carriers through the 
narrow skin layer is substantially shorter than its effective free path time 1 ,ω∗  i.e., that the 
inequality (5.9) holds. 
1) The carriers reflection by the surface is close to specular, i.e. the momenta of effective electrons 
satisfy to relation: 
( )1/ 211 q rω δ∗− << Ω .                                                 (7.15) 
At rδ <<  this condition is not too stringent, since for  electrons that do not leave the skin layer the 
angles  of approach to the surface is of the order of  ( )1/ 2 1rδ << . Inasmuch as at small α  the 
diffuseness parameter 1 11 ( ) (0)q qα α′− ≈ , the forgoing inequality is equivalent to 
1 (0) .q ω∗′ << Ω                                                       (7.16) 
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In this case the HF conductivity tensor can be represented by a sum of four terms: 
( ) ( ) ( ) ( ) ( ) ( ) ( )1 2, , , , , .n ns ns nK k k K k k K k k K k k K k kμν ′ ′ ′ ′ ′= + + +                (7.17) 
The kernel  ( ),nK k k ′  is connected with the carriers that glide over the surface of the metal and 
make the main contribution to the formation of the screening HF current:  
( ) ( ) ( )
5/ 2
0
01/ 2 1/ 2
1ˆ, , ; .
2 2 2
H H H
n n
k T T TK k k S x f
kk k k
α τβ
⎧ ⎫⎛ ⎞⎪ ⎪⎛ ⎞′ = − −⎨ ⎬⎜ ⎟⎜ ⎟′ ′⎝ ⎠ +⎝ ⎠⎪ ⎪⎩ ⎭
                 (7.18) 
Here 
( ) ( ) ( )( )sin ( )1ˆ , ; b
a
k k x x
S a b x f d f
k k
λλ λπ
′− −⎡ ⎤⎣ ⎦′= ′−∫ ;                                 (7.19) 
( ) 5/ 2
0 2
4; ;
2
HT k
cμν
πωα βρ β±± −⎛ ⎞= =⎜ ⎟⎝ ⎠                                             (7.20) 
( ) ( ) ( ) ( )( ) ( )
3
3 1/ 2
, ,4, ;
, ,
z z
z
x z x z
v t p v t pe Ht p
ch v t p v t p
μ ν
μν
πρ ± ±= ′ ′ ±                                     (7.21) 
( ) ( ) ( ){ } 11exp 2 ,n Hf i T qλ ω λ λ −∗⎡ ⎤= − − −⎣ ⎦                                      (7.22) 
and 0τ  satisfies the condition 
( ) ( )0 0 0.d x xτ− + =                                              (7.23) 
The value 0k  is determined by Eq. (5.12). The angle brackets ...  in (7.18)  denote integration 
along that strip on  the Fermi surface on which  0xv = . We assume that on the trajectory of the 
carriers that do not interact with the layer boundary there are only two stationary phase points 0t =  
and  / 2HT , where  ( ) ( )0 / 2 0,x x Hv v T= =  while ( )0 0xv′ > , and ( )/ 2 0.x Hv T′ <  
The terms ( ) ( )1 ,nsK k k ′   and  ( ) ( )2 ,nsK k k ′  in the HF electric conductivity are due to the carriers that 
interact with the n s−  boundary. For quasiparticles whose radius of Larmor trajectory 
( ) ( ) ( )02 / 4z z Hr p d r p Tτ< < <  we have 
( ) ( ) ( )( ) ( )( ) ( ) ( )1 , 2 0 .ns z zK k k d r p r p d μνθ θ ρ +′ = − −  
( ) ( ) ( )0 0 01/ 2 2 2 2ln /1 2ˆ 0, ; ;( ) 2H ns ns
k kTS x f f
kk k k
τ τ τπ
′⎡ ⎤⎛ ⎞− −⎢ ⎥⎜ ⎟′ ′−⎝ ⎠⎣ ⎦
                         (7.24) 
( ) ( ) ( )( ) ( )( ) ( ) ( ) ( )2 / 2 0 2 22 cos cos, 2 0 ;i Tns z z ns kD k DK k k d r p r p d e f k kωμνθ θ ρ τπ
∗− ′−′ = − − − ′−    
(7.25) 
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where 
( ) ( )( ) 1exp 2 1 ,ns Hf i Tλ ω λ −⎡ ⎤′= − ∗ − −⎣ ⎦                                    (7.26) 
and ( )λ λ′ satisfies the equation  
( ) ( ) ( )( )0/ 2 0 / 2 0 ,H Hd x T x Tλ λ λ τ′ ′− − + = − =                             (7.27) 
where ( )xθ  is the Heaviside function and 
( ) ( ) ( )0 0 0; ; / 2 ; .z z H zD p x p x T pτ τ τ= − − −                                  (7.28) 
The electric conductivity of the carriers for which ( ) 0( / 4)z Hr p d Tτ> <  can be written in the 
form 
( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )
1 1 1
0 0 01/ 2 2 2 2
1 2 ln /ˆ, (0) 0, ; ;ns z ns ns
k kK k k r p d S x f f
k kkk
μνθ ρ τ τ τπ
+ ⎡ ⎤′′ = − −⎢ ⎥′−′⎢ ⎥⎣ ⎦
     
(7.29) 
( ) ( ) ( )( ) ( ) ( ) ( ) ( )2 1/ 2 02 2 24 ( ) ( ), 0 ; , 1Hi Tns z ns C kD C k DK k k r p d e f kd k Dk kωμνθ ρ τπ
∗− ′−′ ′= − <′− ;  (7.30)                
(2) ( , ) 0; , 1nsK k k kD kD′ ′= >> ,                                           (7.31) 
where 
( ) ( ) ( ) ( )( )( ) 11 exp 2 2 / 2 1 ;ns H Hf i T Tλ ω λ λ λ λ −⎡ ⎤′ ′= − ∗ − − − −⎣ ⎦                      (7.32) 
( )( )22
1
( ) cos 1 .
1
dtC kD kD t
t
∞
= −−∫                                        (7.33) 
The term  ( , )nK k k ′  takes into account the contribution made to ( , )K k kμν ′  by the electrons 
which do not collide with the n s−  boundary and whose orbit diameter is ( )2 .zr p d<  
2) The reflection of the carriers by the metal surface is substantially different from specular, i.e. 
a considerable part of the charges that make the main contribution to the high-frequency current 
satisfy the inequality 
( )1/ 211 / / .q rω δ∗− >> Ω                                              (7.34) 
In this case the contribution made to the HF electric conductivity by the subsurface electrons is 
small, and the kernel ( , )K k kμν ′ of integral operator (7.14) is determined mainly by the charges that 
interact with the  n s−  boundary: 
( ) ( )( ) ( )( ) ( ) ( ) ( )
( )
1/ 2
sin1 1, 2 0z z ns
k k D
K k k d r p r p d f
k kk kkk
μν μνθ θ ρ π
+ ′−⎡ ⎤′ = − − − −⎢ ⎥′′ +−′ ⎣ ⎦
  
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( )( ) ( )( ) ( ) ( ) 1/ 21 1 cos cos2 0 ( )z z ns kD k Dd r p r p d f k kkkμνθ θ ρπ − ′−⎡− − +⎢ ′′ −⎣  
( ) ( )( ) ( ) ( ) ( ) ( ) 20 01/ 2
sin sin cos 1 1 ˆ0 (0, ; )
2
i
z
kD k D k k D
r p d S x e
k k kk
ω λ
μνθ ρ τ τ ∗+
⎡′ ′+ − − ⎤ − − ⎢⎥′+ ′⎢⎦ ⎣
 
2
2 2 2
2 ln / ( , ),i k ke K k k
k k
ω λ
π
∗ ′ ⎤ ′− +⎥′− ⎦
                                             (7.35) 
where  
( ) ( )1/ 2 cot / 2 .nsf Tω∗=                                                   (7.36) 
To calculate the surface impedance  
 2
0
4 1 ( )
(0)
iZ dk k
c E
ω ∞= Ε′ ∫ ,                                                (7.37) 
of the normal metal layer bordering on a superconductor it is necessary to find the solution of 
Maxwell equation for the Fourier components of the electric field ( )E k . To avoid lengthy equations 
we assume hereafter that the electric vector of the linearly polarized wave is directed along one of 
the axes for which the tensor ( , )K k kμν ′  is diagonal, and for simplicity, we shall omit the tensor 
indices. 
If the electron reflection by the surface is close to specular, i.e. the momenta of effective 
electrons satisfy to Eq.(2.15), mainly electrons that do not leave the skin layer during the mean free 
time produce a large surface current. This permits a perturbation-theory solution of the Maxwell 
equation. Starting from the structure of the kernel ( , )K k k ′  (7.17), it is convenient to seek the 
solution of Eq.(7.13) in the form of the sum  
*
0 0 1 2( ) ( ) ( ) ( ) ( )k k k k kΕ = Ε + ΔΕ +Ε +Ε ,                                 (7.38) 
where *0 ( )kΕ  is the Fourier component that describes the  field of the main skin layer (see, 
Eq.(5.35)), 0 ( )kΔΕ  is a small increment to *0 ( )kΕ  due to the carriers that undergo Andreev 
reflections and can resonantly interact with the HF wave, the function 1( )kΕ  is responsible for the 
formation of the HF field spike at the depth D , and 2 ( )kΕ  is a small addition that takes into 
account the influence of the spike  on the field in the skin layer. 
We consider first cylindrical Fermi surface with the axis coinciding with the magnetic field 
direction. In this case, which is apparently close to the conditions of the experiment [71], we have 
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( ) { }
3
1 0 02 3
10 0
1
2 (0) ˆ( ) ( )sin( ( )) ( )cos( ( ))i E dkE x F k k D x GF k k D x
kk k ik
η
π
∞′ ⎛ ⎞= − + −⎜ ⎟⎝ ⎠ −
∫ ;     (7.39) 
where 
( )3 0(0)exp ( ) ;2H ns zTi f bη βρ ω τ∗=                                        (7.40) 
[ ]31 0 0(0) ( ) ( )n ns zk f f bβ ρ τ τ′= + ;                                        (7.41) 
Here ( ) ( ), 0yy zt t pρ ρ±= =  (see Eq.(7.21)); the functions ( )0F k  and ( )0GˆF k in Eq.(7.39) is 
defined by Eqs.(5.34) and (5.38); zb h  is  the period of the reciprocal lattice in the direction of the 
z  axis, and 0τ ′  satisfies the equation  
( ) 0 0( ) ( ) 02HTx x Dτ τ′− − = ,                                            (7.42) 
and determines the period 0 02HT T τ ′= −  of the motion of the electrons that return to the spike after 
specular reflection from the surface 0x = .  
The amplitude of the spike has the maximum near the center 10( )D x k
−− ≈ , where it is equal  
( )31
0 0 1
(0) 1( ) exp 43 2
E iE D
k k k
η π⎧ ⎫′ ⎪ ⎪= − ⎨ ⎬⎪ ⎪⎩ ⎭
.                                (7.43) 
If the spike (7.39) is far from the surface 0( 1)k D >> , the influence of the carriers that interact with 
the n s− boundary is described by the additions 0 ( )kΔΕ , and 2 ( )kΕ  to the function 0 ( )k∗Ε . The 
corresponding corrections to the impedance 0Z  (5.48) can be found by perturbation theory. Thus,  
3
1
0 0 12
00
4 1 ( ) ,
(0)
iZ dk k C Z
c E k
ω η∞ ∗ ⎛ ⎞Δ = ΔΕ = ⎜ ⎟′ ⎝ ⎠∫                                  (7.44) 
where 
2 4 / 5
1 1.99 10 ;
iC e π−= ⋅    2
0
8 ;Z
c k
ω∗ =     31 0(0) ( ) .ns zf bη βρ τ=                       (7.45) 
The impedance correction because of the influence of the spike on the main skin layer appears in 
second-order perturbation theory: 
23
2 2 22 2
1 00
4 1 ( ) ;
(0)
iZ dk k C Z
c E k k
ω η∞ ∗ ⎛ ⎞Δ = Ε = ⎜ ⎟′ ⎝ ⎠∫                                  (7.46) 
2
5exp .
648 3
C iπ π⎛ ⎞= ⎜ ⎟⎝ ⎠  
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It is easily noted that 2ZΔ  in 160 1k r >>  times smaller than 0ZΔ  in the RF region ( )ω << Ω .  
In a narrow range of magnetic fields, in which the spike is near to the metal surface, its effect on 
the impedance is described by the terms 1( )E k . In this case, we obtain  
3
1 0
0
( )Z A k D Z k
η∗ ⎛ ⎞Δ = ⎜ ⎟⎝ ⎠ ,                                             (7.47) 
where 
0 0
0 0 0 02 2
0 0
0 0
0 0 0 0 02 2 2
0 0
0
cos( ) cos( )2 ( ) ( ), 1, ;4
( ) ( )4( ) ( ) ( ), 1, ;4
0, 1.
k D k D Td d F F k D
C k D C k D TA k D d d F F k D
k D
ξ ξξ ξ ξ ξ τπ ξ ξ
ξ ξξ ξ ξ ξ τπ ξ ξ
∞ ∞
∞ ∞
⎧ ′−′ ′− ≤ ≥⎪ ′−⎪⎪ ′−⎪ ′ ′≈ ≤ ≤⎨ ′−⎪⎪ >>⎪⎪⎩
∫ ∫
∫ ∫          (7.48) 
Analysis of Eq.(7.48) shows ( )04arg 1 45 2 TA signπ π τ⎡ ⎤= + + −⎣ ⎦ changes by π  at 0H H=  . The 
absolute value A  is of the same order as the absolute value of the constant 1C  if 0 1k D ≈ , and 
1A C<<  at 0 1k D <<  or 0 1.k D >>  It follows from (7.48) that  (0) 0.A =  Consequently,  for  a 
cylindrical Fermi surface  in  magnetic  fields  0H H≈ , satisfying  the condition r d≅ , the 
addition 1ZΔ  due to the spike approaching to the surface  changes  by  an amount of the same order 
as 0ZΔ . We note that in the case of specular reflection of the electrons from the metal surface the 
change of the impedance at 0H H=  is small compared with the main term 0 .Z  
If the surface scattering is diffuse, the current in the skin layer is made up of charges that collide 
with the n-s boundary and produce at 2r d r< < ( , 2 )d r r dδ δ− > − >>  the HF field spike at a 
depth D . As the spike approaches the surface ( )D δ≈ , the surface current decreases just as it does 
in the case of the specular reflection from the surface 0x = . At 1 0q = , however, what is more 
important is that in fields 0H H≤  there are no carriers that return to the skin layer after Andreev 
reflections (the cutoff effect). At , 1kD k D′ >>  Maxwell equation  (7.13) reduces to the integral 
equation solved in Ref. 76. By a standard calculation procedure, we find that the expression for the 
surface impedance in the case of the diffuse scattering by the surface is of the form  
1/ 3
0
2
0
1
1 1 , , ( ),
38
3 1 , ,
4
ie H H d r k
k
Z
c
H H
k
π
πω
−− ∗
∗
∗
⎧ > − >⎪⎪= ⎨⎪ ≤⎪⎩
                               (7.49) 
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( )3* (0) ;ns zk f bβρ ∗=     ( )3 21 1 (0) .2 i zk e bω τβρ ∗∗ =                                     (7.50)  
In Eqs.(7.49) the cubic-root branch k∗  and 1k
∗ , must be chosen to satisfy the condition Re 0Z > . 
When the Larmor radius becomes equal to the layer thickness 0( )r H d= , the cutoff of the periodic 
trajectories of the carriers takes place, and in the RF region (ω << Ω ) the impedance of a conductor 
with a cylindrical dispersion law decreases by a factor l r . 
If the Fermi surface has no cylindrical sections, the HF field spike in the normal-metal layer is 
formed only by the small group of carriers located near the sections z zep p=  the Fermi surface 
( ) Fε ε=p . These sections correspond to the extrema ( , )zD pτ , as functions of zp . In this case, in 
magnetic fields, in which ( )zer p d δ− ≤ , the contribution to the surface current is compensated for 
a small fraction ( )12rδ⎛ ⎞⎜ ⎟⎝ ⎠∼  of all the charges entering the skin layer at small angles.  
Consequently, the change of the impedance is proportional to the small parameter ( ) 12 1rδ << . For 
the same reason the cutoff of the extremal radius ( )zer p d=  at diffuse scattering by the metal 
surface does not lead to an abrupt decrease of the impedance, which receives contributions from 
carriers with all possible values of zp .  
7.3 Resonance Phenomena 
More information can be obtained in investigations of the Andreev reflection from the high-
frequency characteristics of the layer under resonance conditions. The reason is that the resonant 
singularities in the impedance are produced by select groups of carriers with extremal period of 
motion in a magnetic field. As follows from (7.24) and (7.27), in magnetic fields such that the 
radius 1( )zr p of the effective orbit is less than the thickness of the metal layer in the normal state  
but  such  that 12 ( )zd r p< , a number of resonance lines is produced, which coincide with the 
cyclotron-resonance line in a bulk conductor [51]: 
1( ),zn pω = Ω      1 0,z zH p p
z
T
p =
∂ =∂        1, 2,3...n =     .                         (7.51) 
At almost-specular reflection of the charges by the metal surface and at small detuning from the 
resonance 1( ) 2 (1 )( 1)H zT p nω π= − Δ Δ << , the resonant increment 0resZΔ  to the surface impedance 
takes the form  
0 1
res res
resZ Z ZΔ = Δ + Δ ;                                                   (7.52) 
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0 1 (0) ( , , ) z z
res
H p pZ C Z Tρ β γ∗ + =Δ = Ψ Δ ;                                    (7.53) 
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A k D T k D
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∗ − −
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⎧ − Ψ Δ < ≤⎪⎪Δ = Ψ Δ⎨ >>⎪ ⎡ ⎤⎪ ⎣ ⎦⎩
              (7.54)                 
where 
1( , , )
2 2H
s is s
T
n
ξ ξγ ξχ
+ Δ + − ΔΨ Δ = ;                                   (7.55) 
    
2
2
1 ;
2
H
H z
T
T p
χ ∂= ∂       ;s signχ=      
2 2 ;ξ γ= Δ +     1γ ωτ= .                        (7.56) 
Besides the "bulk" cyclotron resonance, in a thin layer is possible to have a unique resonance due 
to the motion the electrons that land periodically in the field of spike (7.39) after specular 
reflections from the surface 0x = . The resonant frequencies are given by the relation  
0 2( ) 2 ;zT p nω π=      0 02 ;T T τ ′= −       20 0z zp p
z
T
p =
∂ =∂ ,                            (7.57) 
and  the  increment  to  the  impedance  (7.46),  which  describes the resonance (7.57) at detuning 
1Δ <<  ( 0 2 (1 )T nω π= − Δ ), can be  represented in the form: 
2
23
( ) 2 / 3
2 2 02
0
( (0) ( , , ))
z z
res
p pZ C Z Tk
χ βρ γ∗ + − =⎛ ⎞Δ = Ψ Δ⎜ ⎟⎝ ⎠ .                          (7.58) 
Resonant abortion of the energy of the HF field in magnetic fields that satisfy Eq.(7.57) recalls 
cyclotron resonance in a thin plate [52], first theoretically investigated by one of us. In magnetic 
fields such that 1( )zr p d≥  the period of motion of the carriers colliding with two boundaries 
depends on the layer thickness d , and the positions of the resonance lines on the magnetic-field 
scale differ from the values given by the condition (7.57): 
1 3( ) 2 ;zT p nω π=        1 2 ;T T τ ′= −       31 0,z zp p
z
T
p =
∂ =∂                           (7.59) 
where ( )τ λ τ′ ′= , and the dependence of ( )λ λ λ′ ′=  should be obtained by using Eq.(7.27).  The 
impedance increment that describes the resonance (7.59) has the form  
3
( )
1 1(0) ( , , ) z zres p pZ C Z Tβρ γ∗ + =Δ = Ψ Δ .                                 (7.60) 
If the reflection by the surface of the sample is close to diffuse, the resonant dependence of the 
surface impedance on the magnetic field is preserved at 1 1( ) 2 ( )z zr p d r p< <  and is connected as 
before with the carriers undergoing Andreev reflection. Near the resonant frequencies (7.51), 
expression (7.50) for the impedance Z  takes the form  
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{ } 11/ 2/ 3 ( )2 (0) ( , , )3 z zi H p pZ e Tπβ βρ γ
−− +
== Ψ Δ .                              (7.61) 
At ( )zd r p= , cutoff of the lines of the cyclotron resonance  (7.51) takes place in fields satisfying 
the condition 12 ( )zd r p= . 
In Eqs. (7.53), (7.54), and (7.61), which describe the behavior of the impedance near the 
resonance  (7.51), we have assumed that the probability AQ  of the Andreev reflection is equal to 
unity. If, however 1AQ < , it can be taken into account by introducing an additional broadening of 
the resonance lines 
2(1 )
2
AQ
nπ− , i.e., γ  in Eqs. (7.53), (7.54), and (7.61) must be replaced by 
2(1 )
2
AQ
nγ γ π−′ = + .  
Andreev reflection of carriers from n s− boundary leads thus to an entirely different dependence 
of the surface impedance of a thin normal-metal layer on the magnetic field compared with the 
impedance of a thin metallic plate. At 2r d r< < , a narrow HF-field spike is produced inside the 
layer at a distance ( )D H  from its surface. If the electrons are specularly reflected from the surface, 
the carriers gliding over the boundary and landing periodically in the spike, produce the resonance 
that is not observed in either bulk or thin conductors in the normal state. In the same magnetic-field 
range, at any electron scattering from the layer surface, resonance should be observed at frequencies 
corresponding to the cyclotron resonance [51]. In weak field H , at which r d≥ , the behavior of 
the impedance as a function of the magnetic field depends essentially on the state of the sample 
boundary. Thus, in the case of specular reflection the resonant dependence of Z  on H  is preserved, 
where as for diffuse scattering the cyclotron resonance vanishes for r d≥ . At radio frequencies in 
the magnetic field interval r d δ− <  an abrupt change takes place in the contribution made to the 
HF current by the carriers that interact with the n s−   interface. This manifests itself in the onset of 
an RF size-effect line at r d= . Such a line is most intense when it is due to motion of excitations 
belonging to cylindrical parts of the Fermi surface.  
An experimental investigation of the high-frequency properties of thin normal-metal layers 
bordering on superconductors makes it thus possible not only to observe directly Andreev reflection 
of carriers, but also to gauge its probability and the temperature dependence from the amplitude and 
width of the resonance lines. 
 
7.4 Ultrasound attenuation 
 
In this chapter, we consider the absorption of the ultrasound in a thin normal-metal layer on a 
superconducting substrate layer [77]. The thickness of the layer is much smaller than the carrier 
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mean free path l , but considerably larger than the sound wavelength sλ . A magnetic field H  is 
parallel to the outer surface of the sample 0x =  and the n s−  boundary x d=  (Fig.14). We 
analyze the influence of the interaction of electrons with n s−  boundary on the dependence of the 
longitudinal-wave absorption coefficient on the magnitude of H  in the cases when the wave vector 
⊥k H  and is directed along the normal to the metal layer xk & , or parallel to its surface ( yk & ). If 
the characteristic Larmor radius r  of trajectory of electrons satisfies the condition 2r d r< <  and if 
the vector yk & , geometrical resonance set in, with the period of its oscillation determined by the 
condition 2ekD nπ=  ( 1)ekD >> , where eD  is the extremal distance between points of the carrier 
trajectory tangent to the surface of the sample (Fig.14). In these points the velocity vector lies in a 
plane of the constant phase of the sound.  At higher ultrasonic frequencies ω , such 1ωτ > , the 
acoustic cyclotron resonance set in. In the range of magnetic fields 2r d r< <  the resonance set in 
at frequencies nω = Ω , since the period of the motion of excitations undergoing the Andreev 
reflection coincides with Larmor period HT . 
 
 
 
Figure 14  Change carrier trajectory (electrons are represented by solid curves, and holes by dashed 
curves) generating geometrical oscillations of ultrasound absorption coefficient. 
 
In the case of the perturbation of the electron system by the ultrasonic wave the nonequilibrium 
distribution function 0( , )tΨp r and the function 0( , , )g tr p in the kinetic equation (2.1) takes the 
form 
0 0( , ) ( ) exp( )t i i tωΨ = Ψ −p pr r kr ;                                           (7.62) 
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[ ]0 1( , , ) ik ikg t u e c⎛ ⎞= Λ + +⎜ ⎟⎝ ⎠r p v E uH ;                                         (7.63) 
(0)
0exp( )ik iku u i i tω= −kr . 
Here ikΛ  is the deviation of the deformation potential from its mean value on the Fermi surface, and 
iku  is the amplitude of the strain tensor, u  is the ion displacement. The induction electric field E  
produced by the transmission of the sound through the sample must be determined from the 
Maxwell equations with the inclusion of the nonequilibrium electric current. In the given case of a 
longitudinal sound wave, however, it has been shown  [78] that allowance for the field E  is of little 
consequence, and we shall restrict the right-hand side (7.63) of the kinetic equation (2.1) to the 
deformation term  ik ikuΛ   only. 
 Substituting the functions (7.62), (7.63) into Eq.(2.1) we can present its solution in the form: 
( ) ( ( )) exp( ( ) ( ( ) ( )))
( , ( ) ( )) exp( ( ) ( ( ) ( ))).
t
F x x t i t i t
dt g x x t x t i t t i t t
λ
ω λ λ
ω
∗
∗
Ψ = − − − − +
′ ′ ′ ′+ − − − −∫
p r k r r
p k r r
                    (7.64) 
Function F  must be determined by means of boundary conditions (2.15) and (7.3) and takes the 
finite number of values iF corresponding to motion along one of arcs of the trajectories (Fig.13) 
between two successive reflections. Values iF  have the same form as Eqs.(7.5), (7.10) and  (7.11),  
if to replace the functions  iα  (7.7) and iϕ  (7.8) by functions 
( )exp ( ) ( ( ) ( ))i i i i ii iα ω λ λ λ λ∗ ′ ′= − − −k r r ;                                   (7.65) 
 ( , ( ) ( )) exp( ( ) ( ( ) ( )))
i
i
i i idt g x x t x t i t i t
λ
λ
ϕ ω λ λ
′
∗′ ′ ′ ′ ′ ′= + − − − −∫ p k r r .              (7.66) 
Knowing the nonequilibrium increment to the distribution function of the excitations, we can 
calculate the sound attenuation coefficient in a thin layer of a normal metal on a superconducting 
substrate:  
  
0
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2
0 ( ) 03
Re(2 ) Re .
d d
z
eHs d dx g dtdp dxg
ch s d ε ε
ρ
ρ
− ∗ ∗
=
Γ = 〈 Ψ〉 ≡ Ψ∫ ∫∫ ∫
p
u
u
i
i
              (7.67) 
Here ρ  is the density of the crystal, ⋅u  is the velocity of the atoms under the action of the sound 
wave. To avoid cumbersome expressions in the ensuing discussion, we shall assume that the Fermi 
surface represents a body of revolution with its axis parallel to the zp  axis. 
 
a) The sound propagating perpendicular to the normal-metal layer.  
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Making use of the fact that an electron interacts effectively with ultrasound in the vicinity of  points  
with ω=kv , we calculate the integral with respect to t  in Eq.(7.67) by the stationary-phase 
method. As a result, we obtain the following for the sound absorption coefficient nsΓ  associated 
with Andreev-reflected electrons in the principal approximation with respect to the parameter 
1s r
λ << , 
   1 20 ( 2 )2 2
0 1
1 ( , ) ( , )Re ( ) ,
1 1
H
H H
T
z z z
ns x i T i T
A A
dp S p S pd v
d m v Q e q Q eω ω λ
λ λλ λ ∗ ∗ −⊥
⎧ ⎫⎪ ⎪Γ = Γ +⎨ ⎬− −⎪ ⎪⎩ ⎭∫ ∫               (7.68) 
where 0Γ  is of the same order of magnitude as the value of  Γ  for a bulk sample in the absence of a 
magnetic field: 
( )2 0
0 2
3
4 ,
1
F
F
m g n
sv
h sk
ε ωπ
ρρ
〈 〉Γ ≅ ≈〈 〉
u
i
                                        (7.69) 
0n  and m  are the density of electrons and their effective mass, v⊥  is the projection of the electron 
velocity onto the plane zp const= ; λ  is the “instant” of a last collision of a carrier with the 
boundary of the layer. The values of λ  are measured relative to the stationary-phase point 0λ =  
( (0)xkv ω= ). The unit function ( , )zS pγ λ  differs from zero for the values of λ , and zp  for which 
the charge moves along trajectories of the type a ( 1γ = ), b ( 2γ = ) or c ( 3γ = ) in Fig. 13.  
In the case of low-frequency sound, 1ωτ << , the sound field is practically constant during the  
mean free transit time, and  iω∗  can be set equal to - 1τ  in Eq. (7.68). Making use of the fact that 
the specular reflection parameter 1 1( ) 1 (0)q qϕ ϕ′≈ −  for small angles ϕ  of incidence of electrons 
on the sample surface [79], and integrating with respect to λ  and zp  in Eq.(7.68), we obtain the 
following asymptotic forms for nsΓ :  
 ( ) { }
2
0
1 1 22
0 1
0
, ,
(0) , ,
, ,
ns
lr d
lr rq d rd l d
l r dd
−
⎧ Γ >>⎪⎪⎪ ′Γ ≅ Γ + << <<⎨⎪⎪ Γ ≤⎪⎩
                       (7.70)   
where extrcpr eH
⊥= and numerical factors of the  order  of unity are omitted. A comparison of 
Eqs.(7.70) with the results of  an investigation [80] of the absorption of ultrasound in a thin normal-
 64
metal plate shows that the presence of the n s−  boundary does not alter the dependence of the 
monotonic part of the absorption coefficient Γ  on the magnetic field. 
In fields H for which the thickness of the normal layer satisfies the inequality 2r d r< < , the 
quantity ( )ns HΓ  experiences geometrical oscillations, which are generated by electrons colliding 
with the n s−  boundary. The carriers interact most effectively with the sound field if the distance 
( )( , ) ( ) 2Hz TD p x xλ λ λ= − −  along the x  axis between stationary-phase points is an integer 
multiple of the wavelength sλ . Equation (7.68) can be used to show that electron orbits tangent to 
the boundary 0x =  (Fig. 14) for electrons belonging to the Fermi surface cross section z zep p=  for 
which 0ze
D
p
∂ ∂ = , are distinguished orbits. The small oscillating increment ns∗Γ  to the quantity nsΓ  
has the form  
 ( ) ( ) ( )312 20 0 1 21 exp ( ) / sinns A H ze e e e ea Q Q T p kD kDτ γ γ− −∗ ⎡ ⎤Γ ≅ Γ − − + +⎣ ⎦  ,           (7.71) 
where  0( , )e ze sD D pτ λ≡ >>  and 0τ   satisfies the equation 
( ) ( )0 0 0.d x xτ− + =                                             (7.72) 
Here 
0
1/ 2
3
0 2
2
;
1 2
z ze
z p p
Da
m v d D
p λ τ
π
⊥
= =
⎛ ⎞⎜ ⎟⎜ ⎟= ⎜ ⎟∂⎜ ⎟∂⎝ ⎠
;  1 ( ( ));2e x ze
sign v pπγ =   
2
2 24e ze
Dsign
p
πγ ⎛ ⎞∂= ⎜ ⎟∂⎝ ⎠ . 
Equation (7.71) is valid for s r lλ << , i.e., when the arc of the trajectory on which the charge 
moves almost parallel to the wave front is much smaller than the mean free path l . 
At sound frequencies ω  greater than the Larmor frequency Ω  ( 1)τΩ >> , the sound field can no 
longer be considered steady-state, and the carriers can enter into resonance interaction with the 
sound wave.  It follows from Eq.(7.68) that a series of resonance lines coinciding with the acoustic 
cyclotron resonance  lines in the bulk conductor occur. In fields H for which the characteristic orbit 
radius is smaller than the thickness of the layer in the normal state [81] (even though 2d r<  ): 
0( ) 2 ;H zT p nω π=    0 0;z zH p p
z
T
p =
∂ =∂       1, 2,3,..n =   .                    (7.73)  
Resonance oscillations of the coefficient nsΓ  are generated by a distinguished group of carriers with 
an extremal period of motion in the magnetic field. Integrating the first term in the braces in Eq. 
(7.68), we obtain  
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where 
2 0
( ) ;
z zz
H p pH p
s T signT =′′=    0 0
2
1
2
1 ;
2
z z
z
H
p p
H p
D Ta
dmv T
λ τ
π
= =
⊥
⎛ ⎞⎜ ⎟= ⎜ ⎟′′⎜ ⎟⎝ ⎠
; 
0
2( ) .mon
rH
d
Γ ≈ Γ  
The factor 1 Da d≈  characterizes the relative fraction of charges colliding only with the  n s−  
boundary. For D d≈  the amplitude of the resonance oscillations is of the same order of magnitude 
as the amplitude of the acoustic cyclotron resonance in the bulk sample [82]. For small deviations 
from resonance ( )res
res
H H
H
−Δ = , the equation for nsΓ  takes the form  
 
[ ]12
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.Hns
s T
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n
ς
ς
− ΔΓ ≅ Γ                                                  (7.75) 
Here  
1
2 22
2
1
(1 )1 .2
AQ
nς ω τ π
⎧ ⎫⎪ ⎪⎛ ⎞−= Δ + +⎨ ⎬⎜ ⎟⎝ ⎠⎪ ⎪⎩ ⎭
                                       (7.76) 
In the investigated interval of magnetic fields, where 2r d r< < , the acoustic cyclotron 
resonance is modulated by geometrical resonance oscillations (7.71). As in the case of resonance in 
the bulk metal, [82] the modulating term ns
∗Γ   is smaller than nsΓ  (7.74) with respect to the 
parameter ( ) 32 1ekD − <<  if Fv sω τ<<  . Only in the range of very high frequencies Fv sω τ>>  
does geometrical resonance induce an appreciable variation of the absorption coefficient. 
Cutoff of the "bulk" acoustic cyclotron resonance lines takes place in a magnetic field 
0
extrcpH ed
⊥= . If the scattering of electrons by the sample surface is almost specular 11 1q− << , 
then for r d>  the dominant factor will be resonance oscillations of  nsΓ  generated  by carriers 
moving along periodic trajectories (with a period 1T ) such as those shown in Fig. 13b. The 
resonance values of the magnetic field are determined from the condition  
1 0( , ) 2 ;zT p nω τ π′ =      1 0 0( ) 2 ;HT Tτ τ≡ −         1 0
z
T
p
∂ =′∂ ;                         (7.77) 
and 0τ   once again satisfies  Eq.(7.72). The calculation of specnsΓ  according to Eq. (7.68) in the case 
1 0( , ) 1zT pω τ ′ >>  yields the following result 
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1
exp sin( ( ) ).4
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ns mon A
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nTa n T q Q n T s T πω ωτ
∞ −
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Γ = Γ + Γ − +∑           (7.78)       
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monΓ ≅ Γ .  
All the quantities in Eq.(7.78) are evaluated at  the  point  ,z zp p′=  0λ τ= . Additional selection 
with respect to the instant λ  of collisions of electrons with the surface leads to an appreciable 
reduction in the amplitude of the resonance oscillations in comparison with the case r d< , and the 
derivative /specns H∂ Γ ∂  contains the root singularity for τ → ∞  and 1 1Aq Q= = : 
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where 
1
2 22
2 1
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(1 )1 ;2
Aq Q
nς ωτ π
⎡ ⎤⎛ ⎞−= Δ + +⎢ ⎥⎜ ⎟⎝ ⎠⎢ ⎥⎣ ⎦
         1.Δ <<  
If the scattering of electrons by the surface 0sx =  is almost diffuse (i.e., if the inequality 1 ( ) 1q λ <<  
holds for the majority of the carriers interacting effectively with the sound wave), acoustic 
cyclotron resonance is associated with a nonextremal radius ( )zr p  of the trajectory. In contrast with 
the case of a thin normal-metal plate, [83] two series of resonance lines must now be observed: 
1( ) 2 ;H zT p nω π=           12 ( ) ;zr p d=                                        (7.80) 
2( ) 2 ;H zT p nω π=           2( ) ;zr p d=          1, 2,3... .n =                       (7.81)  
The amplitude of the oscillations of difnsΓ  for 1 1q <<  is much smaller than in the specular reflection 
( 1 1q ≈ ) of carriers: 
2
( ) 2 2
0 3
1 1
( )( ( )) exp cos( ( ))dif dif k n H zkns mon A H zk H zk
k n
nT pa Q n T p n T pω ωτ
∞ −
= =
⎛ ⎞Γ = Γ + Γ −⎜ ⎟⎝ ⎠∑∑ ; 1, 2,k =       (7.82) 
where 
( )
2
2
3 ;
2
1( 1) (2 )2 ;
z zk
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k k H
T p pH p z k
dTa D k rT dpdm v λ= =⊥
⎛ ⎞= − − −⎜ ⎟′′⎝ ⎠
                    (7.83) 
dif
monΓ  is the monotonic part of difnsΓ . Near the resonance frequencies (7.80), (7.81), the term nsδΓ  in 
dif
monΓ  containing the singularity of the derivative with respect to H  for τ → ∞  and 1AQ =  has the 
form 
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Here 
( )
( )
( )kres
kk
res
H H
H
−Δ =  is the deviation from the k -th resonance (7.80), (7.81) 
2
1
(1 )1
2
AQ
nγ ωτ π−= + . 
We note that resonance at frequencies satisfying the relations (7.80), (7.81) exists for any type of 
surface scattering.  
 
a ) Sound propagation along the layer.  
 
When sound propagates along the boundaries of the normal-metal layer ( )yk k= , all three types of 
electron trajectories shown in Fig.13 that contain stationary-phase points ( )ykv tβ ω=  contribute to 
the absorption. Carrying out the integration with respect to t  in Eq.(7.67) on the assumption that 
2kd r>>  , we obtain 
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Here     
[ ]0 ( ) 2 ( ) 2 ( ) ( ) ;L y yλ ρ λ λ λ= = − −   1 0 1( ) ( ) ( );L Lλ λ ρ λ= −   2 1 2( ) ( ) ( )L Lλ λ ρ λ= −  are the 
displacements of the electrons along the n s−  boundary x d= ,  (see Fig.13), and 
1 1, 2 ,H HT T T λ= −  2 1 2( ) 2T Tλ λ= −  are the periods of the motion along trajectories of the types a, 
b, and c in Fig.13. The dependence of the instant 1λ  and 2λ  of collision of electrons with the 
surface 0x =  on the instant λ  of collision with the n s−  boundary is given by the relations 
( )1( ) ;2HTx x dλ λ= − −    2( ) ( ) ;x x dλ λ= −                                (7.86) 
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q i T ikL t kr
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α
ω λ
−
−∗
⎧ Ω − >>⎪= ⎨ ⎡ ⎤− − Ω − <<⎪ ⎣ ⎦⎩
                (7.87) 
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where 00, 2; .Hn T T= =  We take the turning point 0t = ,  ( (0) 0)xv =  as the initial reference point 
of the carrier phase on each arc of the orbit. Expanding the denominators of the terms in the braces 
in Eq.(7.85) in power series in  exp 1nT τ⎛ ⎞− <<⎜ ⎟⎝ ⎠  and carrying out the integration with respect to λ  
by  the  stationary-phase method, we can show that the monotonic part of nsΓ  is of the order of 0Γ  
for 2d r<  and depends weakly on the magnetic field. The term oscnsΓ  of nsΓ  that oscillates with the 
variation of H  has the following form for 1ωτ <<  
( )21 2 20 13 3
2 21
2
( 1) ( ) sin ;2 4( )
n nT
osc n
ns A
n
b nkLq Q e
kL n
τ π∞ −
=
−Γ = Γ +∑   2 1;kL >>     2d r kd<< <<     (7.88) 
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∞ −
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where 
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All the quantities in Eq.(7.88) are evaluated at the point tβλ = , 2 2( 0; 0)z z
z
L Lp p tp β
∗
∗
∂ ∂= = ≠∂∂  
and those in  Eq.(7.89)  are  evaluated  at  the point tβλ = , 0 00; 0z ze
ze
L Lp p p tβ
⎛ ⎞∂ ∂= = =⎜ ⎟∂ ∂⎝ ⎠ .  
The results (7.88) and (7.89) show that the periods of the oscillations of the sound absorption 
coefficient are the same as in the case of a normal-metal plate [84, 85]. However, the odd harmonics 
in the nonmonotonic dependence of  nsΓ on H  are shifted by π . 
For the propagation of transverse sound in the layer in magnetic fields for which 1,kr >>  an 
important role is played by solenoidal electromagnetic fields, which induce a significant variation in 
the amplitudes of the considered resonance and oscillation effects. Nonetheless, the resonance 
frequencies and periods of the geometrical oscillations, which are determined by the geometry of 
the Fermi surface and the thickness of the normal layer, remain the same as in the case of 
longitudinal ultrasound discussed above. 
Thus, a number of resonance and oscillation acoustic effects nonexistent in the thin plates are 
found to occur in thin layer of a normal metal adjacent to a superconductor. For 2r d r< < , the 
absorption coefficient of ultrasound propagating perpendicular to the surface of the sample and to 
the n s− boundary undergoes geometrical oscillations, and, at sound frequencies ω  larger than the 
Larmor frequency Ω , acoustic cyclotron resonance with the "bulk" period sets in. In weaker 
magnetic fields, such that orbits with the extremal radius are cut off, the behavior of the absorption 
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coefficient Γ  as a function of H  depends strongly on the state of the surface of the sample. For 
example, in specular reflection the resonance dependence of Γ  on H  is formed mainly by electrons 
interacting both with the n s− boundary and with the outer boundary of the conductor. For surface 
scattering of a diffuse nature, the resonance oscillations of Γ  are associated with carriers having a 
trajectory of nonextremal radius. If ultrasound propagates along the layer, an oscillatory dependence 
of the coefficient Γ  on a weak magnetic field ( )r d>  is possible only for the near-specular 
reflection of charge carriers by the surface of the metal. In pure conductors, the amplitudes of the 
geometrical oscillations and resonance lines and the width of the resonance lines are determined by 
the probability of Andreev reflection. Consequently, the experimental investigation of the effects 
discussed in the present study, which take place in connection with the absorption of ultrasound by 
normal-metal layers adjacent to a superconductor, will make it possible to acquire information on 
Andreev reflection.  
8.  Effect of Interdiffusion on Kinetic Phenomena in Double-Layer Films 
8.1 Electrical conductivity  
Extensive applications of metallic multilayer films in electronics gave rise to a problem of stability 
of its properties. Therefore, diffusion processes in these films are of interest. A possible way to 
obtain plausible information on the diffusion coefficients is to investigate the annealing-time 
dependence of kinetic coefficients of thin double-layer films (with the thickness being smaller than 
the electron mean free path) [86-90]. The possibility is due to the formation of a region with a high 
concentration of impurities diffused into the metal near the interface between the layers. These 
impurities cause diffuse electron scattering. Therefore, the positions of lines corresponding to radio 
frequency size effect [86-88], Sondheimer magnetoresistance oscillations [89, 90], etc. are changed 
on the magnetic-field scale. They are determined not by the layer thickness id , but by the width of 
the impurity-free region 0i id x− , where 0ix  is the characteristic penetration depth of impurity 
atoms. The size-dependent phenomena mentioned above arise in strong magnetic fields such that 
the Larmor radius of electron trajectories is of the order of the sample thickness. Along with these 
phenomena, more simple experiments on classical size effect in conductivity of DLF’s can be used 
to determine the bulk and grain - boundary diffusion coefficients bD  and gD . However, in this 
case, obtaining information on diffusion processes requires comparing the experimental data and 
theoretically calculated dependence of conductivity on the diffusion-annealing time. 
In this chapter the dependence of conductivity of metal DLF’s on the annealing time is 
calculated at arbitrary ratios between layer thicknesses, grain size, and the mean three paths of 
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electrons [91]. 
The conductivity of a DLF is given by the expression (3.5), where the function ( , )i xΨ p   
( 1, 2)i =  satisfies the Boltzmann kinetic equation (2.1).  The characteristic frequency of collisions 
in the bulk of the sample 1( , )i xτ − p  in Eq.(2.1) can be represented in the form [87,92,93] 
1 1 1 1
0 1 2( , ) ( ) ( , ),i i i ix x xτ τ τ τ− − − −= + +p p                                              (8.1) 
where 10iτ −  is x independent and accounts for collisions with phonons and point defects, whereas 
1
1 ( )i xτ − describes the electron scattering by impurities diffused into the bulk of the metal. The 
presence of the term 12 ( , )i xτ − p  in equation (8.1) corresponds to the electron scattering by grain 
boundaries (grain-boundary diffusion is taken into account).  
The solution of equation (2.4) has the form 
1 1 1( , ) exp exp
( , ) ( , )
s s
x x x
i i yi
xi i xi xi ix x x
dx dxx F dx ev E
v x v v xτ τ′
⎧ ⎫ ⎧ ⎫′ ′′⎪ ⎪ ′Ψ = − + −⎨ ⎬ ⎨ ⎬′ ′′⎪ ⎪ ⎩ ⎭⎩ ⎭∫ ∫ ∫p p p ,             (8.2)  
where sx , is the coordinate of the point where an electron scatters at the outer surface 
1 2( , )sx d d= −  or at the interface between the layers ( 0)sx = . The solution (8.2) involves arbitrary 
functions iF  that should be determined through boundary conditions. To describe the interaction of 
electrons with the interface and the external surface of a DLF, we use the boundary conditions 
(2.14) and (2.15). By substituting functions iF  in the form (3.2) into solution (8.2) of kinetic 
equation, it is possible to calculate the electrical current in the DLF, and hence the conductivity in 
the presence of interdiffusion. The calculation gives: 
{2 2 2 2 2 2 2032 2 (1 (0)) ( ( ) (0))y i i i j j i j j
xi j
e v J q I q PW I P q Q P Wvh dE
σ
≠
⎛ ⎞= + − + + −⎜ ⎟Δ⎝ ⎠∑  
        }0 0 0( 2 (0) ) ( (0) )( (0) )i i i i j j j j i i i iI q W I Q I q W I I q W I
+
⋅ + + + + ,                        (8.3)  
where the subscript “+” at the angular brackets signifies that integration is carried out over the 
part of the Fermi surface where  0,xv >  
2 2 2 2 2 21 ( (0) (0)) ( ) (0) (0);i i j j i j i jP q W q W q q Q P W WΔ = − + − −                              (8.4) 
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( ) (0);
id
i i iI dxW x W
−= ∫     1( ) exp .( , )
id
i
x ix
dxW x
v xτ
⎧ ⎫′⎪ ⎪= −⎨ ⎬′⎪ ⎪⎩ ⎭∫ p                                 (8.6) 
The last formula gives the probability that an electron starting from a point in the i -th layer 
with coordinate x  will come to the sample surface 1 2, ,sx d d= −  without collisions with diffused 
impurities. 
The results of further calculation depend essentially on whether the layers are single-crystal or 
polycrystalline. 
  
8.1.1 Bulk diffusion in  single-crystal film  
Let us consider the case of the grain size being much larger than the layers thickness and the mean 
free path of electrons (Fig. 15). In such a situation, the electron scattering by grain boundaries can 
be neglected and 12iτ −   can be set equal to zero in formula (8.1).  
 
 
Figure 15.  Model of a double layer single-crystal film in the presence of metal interdiffusion. 
The kinked arrowed line schematically shows one of the possible trajectory of an electron being 
scattered in the impurity layer as well as at the interface between the layers and at outer surfaces.  
 
In layers, whose thickness ( )i Dk t
∗  is much less than the mean-free path  0 0i F il v τ=  of the charge 
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carriers in the pure region of the single crystal, the presence of a scattering layer of atoms near the 
interface gives rise to the fact that the effective path of most electrons between two scattering acts 
becomes of the order of 0i id x− , where 0ix  is the effective decrease in the thickness of the layer 
owing to the diffusion of impurities (Fig. 15). For this reason, independent of the nature of the 
interface scattering, just as in a plate with diffuse boundaries, the electrical conductivity depends on 
the quantity 0i id x− , and its change after diffusion annealing enables us to determine the coefficient 
of diffusion. 
We assume that the bulk diffusion coefficient is constant, the impurity concentration changes 
gradually at the layer interface, and metal solubility is limited. Then, 11 ( )i xτ −  has the form [87 -89]  
1
1 ( ) ( , ),i bi bi Dx v C x tτ − =                                                            (8.7) 
where 0bi F eff iv v nσ≅ ; effσ  is the effective cross section for scattering of electrons by impurity 
atoms, 0in  is the density of atoms of the pure sample. The distribution ( , )bi DC x t  of impurity atoms 
in each layer may be represented in the following form [94]:  
1 0
1
( , ) (1 ) , 0;
2b D b D
xC x t C erf x
D t
γ γ⎧ ⎫⎛ ⎞⎪ ⎪= − − <⎜ ⎟⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
 
2 0
2
( , ) , 0,
2b D b D
xC x t C erfc x
D t
γ ⎛ ⎞= >⎜ ⎟⎜ ⎟⎝ ⎠
                                         (8.8) 
where 
1
1 2
b
b b
D
D D
γ = +  
and biD  is the bulk – diffusion coefficient in the i-th layer of the DLF. 
At small diffusion times bi D iD t d<< , the derivative of the function ( )iW x  is the sharply 
changing function of coordinate x  compared to 0exp( x ix v τ− ). Therefore, integrals in (8.3) can be 
calculated asymptotically at 1i bi Dd D t >> . By integrating over the Fermi surface, we obtain the 
following expression for the conductivity of double-layer single-crystal film: 
0
20
3(2 )
1 , 1;
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i i D i
i i D
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k t
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∑                                    (8.9) 
where 
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The quantity 0ix  is the effective decrease in the thickness of the i-th layer caused by bulk 
interdiffusion of metals.  
At large annealing times 1i bi Dd D t ≈ , the distribution of impurities across the sample 
becomes practically uniform. Therefore, one may consider the impurity concentration in each layer 
to be coordinate independent and put it equal to its average value: 
0
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= ∫    
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                     (8.11) 
This facilitation allows for calculating the integrals in formula (8.3). Calculations give the 
following expression for the conductivity of the DLF :σ   
2
0
1
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d
d
σ σ
=
= Φ∑                                                          (8.12) 
where 
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Figure 16  Conductivity of a double-layer single-crystal film versus dimensionless annealing time 
2
114
−∗ = dtDT Db  at the parameter values 21 10−=k , 42 10−=k 0.6, 0.2iq P= = , and different 
values of ,5.02,2.01: =−=− QQQ   3 0.8.Q− =  
 
is the effective mean free path of electrons in the impure sample. 
Formula (8.13) can be simplified in the limiting case of a DLF with thick layers ( 1ik
∗ >> ) or thin 
layers ( 1ik
∗ << ). The asymptotic expressions for the function Φ  have the same form as Eqs. (3.11)-
(3.14) after replacement ik  by ( )i Dk t
∗ . 
At large annealing times bi D iD t d> , the relationship between σ  and the bulk-diffusion 
coefficient biD  essentially more complicated. Therefore, to describe experimental results the precise 
formula (8.3) should be used. The impurity concentration entering into this equation should be 
determined with an account of the sample boundaries (see [94]). The curves shown in Fig. 16 are 
obtained by numerical calculation via (8.12). They illustrate the annealing-time dependence of con-
ductivity of a double layer single-crystal film.  
 
 
8.1.2 Grain-boundary diffusion in  polycrystalline films 
A theoretical analysis of the effect of grain-boundary diffusion on the conductivity of double layer 
polycrystalline films (Fig. 17) may be carried out using modified Mayadas-Shatzkes model [29]. 
This model takes into account a change in the grain-boundary reflection factor iR  of electrons 
caused by the migration of impurity atoms along them in the course of a grain-boundary 
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interdiffusion. This method of solving the problem on annealing-time dependence of conductivity in 
double-layered polycrystalline films was suggested in [92, 93]. 
 
 
Figure 17. Model of a double-layer polycrystalline film in the presence of grain-boundary 
interdiffusion of metals. The kinked arrowed line schematically shows one of the possible electron 
trajectories. 
 
At sufficiently low temperatures T  of annealing ( 0.38 ,mT T<  where mT  is the melting 
temperature), mass transfer in polycrystalline films occurs mainly along grain boundaries [95]. 
Therefore, during the course of interdiffusion the electrical resistance of the film, caused by electron 
scattering at external surfaces and in the bulk of the sample, remains practically unchanged, 
although the resistance of grain boundaries is essentially changed by segregation of impurity atoms 
at them. 
At low concentration of diffusing impurity atoms at grain boundaries ( , ) 1,gi DC x t << , the grain-
boundary-reflection factor of electrons can be represented in the following form [92, 93]  
0( , ) ( , )i D i gi gi DR x t R C x tγ= + ,                                                 (8.16) 
where the value 0iR  describes the grain-boundary reflection of electrons in the absence of 
impurity atoms. The coefficient giγ  is of an order of unity and has an arbitrary sign because the 
penetration of impurity atoms into grain boundaries can both decrease and increase the electron 
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reflection factor .iR  If the grain-boundary-diffusion process is accompanied by forming solid 
solutions [96], the conductivity of a DLF decreases with time, i.e., 0giγ > . Along with scattering 
immediately at grain boundaries, electrons may be scattered by elastic-deformation fields near the 
grain boundaries. The impurity atoms give rise to the relaxation of these fields, and this leads to 
negative values of ,giγ  and, therefore, to an increase in the conductivity of the film [92,93].  
If the inequality bi D iD t δ<< , holds ( iδ , is the width of diffusion grain boundary), the 
diffusion of impurity atoms out of grain boundaries into the bulk of the sample can be neglected 
[97] and the diffusion flux can be considered as one-dimensional [98,99]. Therefore, 
{ }0( , ) expgi D i iC x t C xη= − ; 
1 21 2
2 ,bii
i gi D
D
D t
η δ π
⎧ ⎫⎛ ⎞⎪ ⎪= ⎨ ⎬⎜ ⎟⎝ ⎠⎪ ⎪⎩ ⎭
                                                    (8.17) 
where giD , is the grain-boundary diffusion coefficient in the i-th layer. The 
1
iη− , has the meaning of 
characteristic penetration depth of impurities into the bulk of metal near a grain boundary.  
The conductivity of a double-layer polycrystalline film with account of metal interdiffusion is 
determined by expression (8.3) with characteristic mean free time ( , )i yx pτ  given by  
1 1 0
0
( , )
( , ) ,
1 ( , )
i F i D
i y i
i Di y
l p R x t
x p
R x tL p
τ τ− −= + −                                       (8.18) 
where iL , is the mean grain size in the plane of the i-th layer. 
At small diffusion times ( 1i idη− << ), the integrals in formulas (8.3) and (8.4) are readily 
calculated asymptotically and the following expressions for the conductivity can be obtained: 
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for  thin  layers 0 0( , 1)i i id l β<< << , where 
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γ
η η≈                                                    (8.21)  
Notice that 0ix
∗  is the effective decrease in the thickness of the i-th layer caused by grain-
boundary interdiffusion of the metals. 
At large annealing times 1( )i idη− ≈ , the above-mentioned average – concentration 
approximation can be used, i.e., the impurity distribution across grain boundaries can be considered 
as uniform. Therefore, the impurity concentration is given by the expression 
( ){ }0( ) 1 exp .igi D i i
i i
C
C t d
d
ηη= − −                                         (8.22) 
Calculating the integrals in (8.3) shows that the DLF conductivity is given by equation (8.12) 
with *iΦ  substituted for iΦ : 
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The functions *iG  can readily be obtained from (8.14) by substituting 
*
iε  for iε , and 0 0( )j i i jH Hτ τ  
for  0 0/j iτ τ . 
If the thickness of the film layers is much larger than the mean free path of electrons, i.e., the 
inequality 0i id l>>  holds, the exponents in equation (8.23) are small and can be neglected. The 
angular integration gives the expressions (3.23)-(3.26) for the function i
∗Φ  (8.23), in which ,j iτ  and 
iβ  must be replaced by 0 ,j iτ  and iβ . 
At arbitrary ratio between the values 1iη−  and id , the experimental data must be analyzed using 
numerical calculation via equation (8.3). The effective relaxation frequency of electrons at grain 
boundaries entering into this expression is given by equation (8.1). Figure 18 shows the computer - 
calculated curves that describe the variation of a DLF conductivity with annealing time with 
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account of grain-boundary interdiffusion at different values of parameter .gγ  
In this way, metal interdiffusion essentially influences the conductivity of DLF’s. At small 
diffusion-annealing times Dt , the characteristic penetration depth of impurities ( bi DD t  for a 
single-crystal film and 
1/ 21/ 2
2 b
g i D
D
D tδ π
−⎧ ⎫⎛ ⎞⎛ ⎞⎜ ⎟⎨ ⎬⎜ ⎟⎝ ⎠⎝ ⎠⎩ ⎭
 for a polycrystalline film) is smaller than the 
thickness of the layer, and the size effect in DLF’s is determined by the width of the impurity-free 
region. The  
 
 
Figure 18.  Conductivity of a double-layer polycrystalline film versus dimensionless annealing 
time 2 2 41 1 1 1/ 4g D bT D t d Dδ π∗ =   at  the parameter values 
,10,10 42
2
1
−− == gg kk ,5.0=iq ,3.0== QP ;5.01 =− giγ ;2.02 =− giγ  
;2.03 −=− giγ .8.04 −=− giγ  
 
diffusion coefficients bD  and gD  may be obtained by measuring Dt  dependencies of electrical 
resistance and using equations (8.10) and (8.21) for impurity penetration depth 0ix , in the case of 
bulk interdiffusion and grain-boundary interdiffusion, respectively. If the characteristic penetration 
depth of impurities is of the order of the layer thickness, and yet the effective mean free path of 
electrons (with account of grain-boundary scattering) is still larger than the value id  or comparable 
to it, the size effect also takes place. In this case, the relationships between the DLF conductivity 
and the parameters ( )bi Dl t  and ( )Di tβ  also allow for determining the bulk and grain-boundary 
diffusion coefficients. 
8.2  Galvanomagnetic phenomena 
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For simplicity we shall analyze the effect of a diffusing impurities on the magnetoconductivity of 
DLF’s in the case ( )1 2 1d d d d≈ , and below omit the indexes, which numerate the layers. 
The presence of a strong magnetic field H  (the radius of curvature of the electron trajectory r  in  
 
 
Figure 19.  Trajectory of an electron, scattered in the impurity layer in perpendicular magnetic 
field. 
 
the field H  is much less than d  and )l  greatly expands the possibility of studying impurity 
diffusion in metals. Thus, if the vector H  is tilted away from the surface of the sample by an angle 
/r dθ > , then the resistance is an oscillatory function of the magnitude of the field H , as first 
predicted by Sondheimer [33]. In the case under study, however, electron scattering at one of the 
boundaries occurs not at the surface, but rather at a distance 0x  from it, equal to the characteristic 
thickness of the layer containing the impurity (Fig. 19). The period of Sondheimer oscillations is 
determined by the difference 0d x− . 
In thin films of compensated metals in a magnetic field oriented parallel to the surfaces of the 
conductor and perpendicular to the electric current density vector j , there arises a static skin effect 
[40, 41], in which almost the entire current flows at the boundary of the sample. The presence of the 
impurity layer, generally speaking, does not cause the static skin effect to vanish, since the effective 
mean-free path length of the electrons near the boundaries is of the order of  r  (Fig. 20), and their 
rela 
 
Figure 20  Trajectory of an electron, scattered in the impurity layer in parallel magnetic field. 
 
tive number /r d  and the conductivity of a layer with thickness 2r  at a distance 0x  from the 
boundary is /l d  times greater than in the core of the sample. If the radius r  is much larger than the 
mean-free path of the charge carriers in the "dirty" region 1l  then its contribution to the total 
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transverse conductivity of the film may be very substantial. The change in the electrical 
conductivity with the diffusion of the impurity atoms enables determining the value of bD . 
We shall analyze in detail below the magnetoconductivity in a thin film ( d l<< ), near whose 
surface 0x =  the layer of impurities diffusing into the sample is located [89]. We shall assume that 
the mean-free path of electrons in this layer 1l  is less than not only the mean-free path length in the 
“pure” region, but also the characteristic thickness of the layer 0x . We note that in the case under 
study, when 1 0l x<< , the charge carriers after interacting with the boundary 0x =  undergo 
scattering in the impurity layer, and the electrical conductivity of the film is virtually independent of 
the state of the surface 0x = . 
We shall present below the results of the calculation of the magnetoconductivity under different 
conditions, for simplicity assuming that the dispersion law for the charge carriers is quadratic and 
isotropic. 
If a strong magnetic field ( )r d l< <  is oriented perpendicular to the surface of a film, the 
components of the tensor of manetoconductivity αβσ    ( , , )y zα β = can be presented in the form 
( ) ( )
( ) ( )
Re Im
Im Reαβ
σ σσ σ σ
+ +
+ +
⎛ ⎞= ⎜ ⎟−⎝ ⎠
,                                                     (8.26) 
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− ⎧ ⎫⎛ ⎞ ′ −⎪ ⎪′ ′= − + Ω⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭∫ ∫                             (8.29) 
2 2 1/ 2( ) ;xv v v⊥ = −  /eH mcΩ =  and ( ) ( )0 1/ (0) / 2x F x b D b Dx v v a v D t D tτ= . The probability ( )W x  
is determined, as before, by the expression (8.6). For 0 1τΩ >>  the effective truncation of the 
electron trajectories at the boundary of the layer of impurity atoms occurs only if b DD t r<< . 
Calculating the integrals 1I  (8.28) and I  (8.29)  asymptotically for / 1b Dr D t >> , it can be shown 
that in this case ( )σ +  has the form 
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0 22
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1 16 1
d x l q
d i d x i
σ σ τ τ
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Here  2 (1)q  is the specularity parameter of the surface x d=  for electrons at the reference point on 
( )x Fv v=  the Fermi surface; 
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Knowing the components of the conductivity tensor αβσ  (8.26), it is not difficult to calculate the 
transverse magnetoconductivity of the filmσ⊥ . Its nonmonotonic part oscσ⊥  is most informative: 
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d x d xr q
l rd
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                                        (8.31) 
where 10 0( )
mon d x lσ σ −⊥ ≅ −   is the monotonic part of σ⊥ ; and /Fr v= Ω , and 0Fl v τ= . The result 
(8.31) shows that by studying the oscillating part of the magnetoconductivity of the film it is 
possible to determine the magnitude of the effective decrease in the thickness of the sample 0 (1)x  
and, therefore, the coefficient of diffusion bD . 
When the magnetic field tilts away from the normal to the surface of the sample by an angle 
~ 1ϕ  the nature of the oscillatory dependence of σ⊥  on H  does not change. In this case 0 (1)d x−  
in the formulas (8.30) and (8.31) must be replaced by ( )0 (1) / cos .d x ϕ−  
Let us consider a magnetic field parallel to the surface. We shall study a film made of a 
compensated metal (the number of electrons is equal to the number of holes: 1 2n n= ), placed in a 
strong magnetic field ( )r d l< < oriented along the z  axis ( )zH H=  and perpendicular to the 
electric current yj j=  (Fig.20). As it was shown in Refs. 5 and 6, the contribution of the bulk 
electrons to the transverse electrical conductivity is small, in this case, and the electric current is 
concentrated primarily over the surface of the conductor (static skin effect). We analyzed the 
contribution of charge carriers moving near the surface 0x =  and scattered in the layer of diffused 
impurities to σ⊥  . The term in the current density linked with the surface electrons can be written in 
the form 
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Here the summation extends over groups of charge carriers; 
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is the probability that electrons, having a phase itΩ  at the point with the coordinate x , reach a 
point on the trajectory farthest away from the surface 0x = , at which we take the phase to be equal 
to π , without scattering ( 1,2/ ;i ieH m c mΩ =  is the effective mass of electrons (holes)). Analysis of 
the equation of electrical neutrality (2.13) shows that the nonuniform component of the electric field 
( ) ~x yE x E  differs substantially from zero only if the distance from the layer of diffused atoms is 
less than or of the order of 1 22 max(2 , 2 ).r r r=  Substituting the solution of Eq. (2.13) for ( )xE x  into 
the formula (8.32), we obtain an expression for the surface correction to the transverse electrical 
conductivity / .y yj Eσ⊥Δ = Δ  After simple, though very cumbersome, calculations we arrive at the 
result 
2
0 1
1 0 2 0
i i i
i ii i
r x l
l d l d
σ α σ α σ⊥Δ = +∑ ∑ ,                                            (8.34) 
where 0 1 1/ ; ; (0);i Fi i i Fi i Fi Fir v l v l v vτ τ= Ω = =  is the Fermi velocity of the electrons (holes); and, 
the constants 1α  and 2α  are of order unity. The effective decrease in the thickness of the film 0ix  is 
determined from the condition 
2 0 0( ) ( ,0) 0.zi i ptW x =′′ =                                                      (8.35) 
The first term in the formula (8.34) is the contribution of charges, whose characteristic free flight 
time is of the order of 1/ iΩ  while the distance between the center of their orbit and the boundary of 
the layer of impurity atoms 0ix x=  does not exceed ir , to the conductivity. The second term, 
depending on the coefficient of diffusion 0( )i i b Dx a D t= , is described by the conductivity of the 
"dirty" layer with thickness 0 01 02max( , )x x x= , in which the mean-free path of the charge carriers 
1 0 .i i il x r<< <<  
We have shown that the presence of a diffusing layer of impurities substantially affects the 
magnrtoconductivity of thin metal films. For short diffusion times, when the characteristic distance 
b DD t  at which the impurity concentration decreases is less than the distance over which the 
electron distribution function changes, size effects determined by the thickness of the "pure" region 
0d x− , where 0 b Dx A D t=  is the effective decrease in the quantity d , appear in the film. The 
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coefficient A , differing for each of the effects studied, generally speaking, also depends on bD , 
since the increase in the diffusion time changes the mean-free path of the charge carriers in the 
"dirty" region. 
Thus, measurements of the magnetoconductivity of thin DLF’s enable determining efficiently 
the rate of diffusion of impurity atoms in metals. In particular, Fourier analysis of the dependence of 
the conductivity on the magnitude of the magnetic field oriented perpendicular (or inclined) to the 
surface enables finding with high accuracy the period of Sondheimer oscillations and, therefore, 
calculating the depth to which the impurity atoms diffused.  
The method of the coefficient bD  by using Sondheimer oscillations magnetoconductivity was 
realized in experiment [90]. The effect of the concentration of electrical current near a surface 
region with a high density of defects was experimentally found in Ref.100 in compensated metals 
placed in the strong magnetic field parallel to the surface [100]. 
8.3  High frequency effects 
Gudenko and Krylov [86,87] showed that the observation of a radio frequency (RF) size effect [46] 
in thin single crystal plates when a diffused impurity layer exists near one of the surface makes it 
possible to determine the diffusion coefficient bD . The essence of the method they propose [88,89] 
is that in a plate with a film of another metal deposited on its surface the RF size effect lines shift 
after diffusion annealing because of the cutoff of electron trajectories in the surface layer of 
impurity atoms (Fig. 21). To calculate the shape and position of the RF size effect lines from the 
initial lines (up to diffusion annealing) Gudenko and Krylov [86] proposed a method that would 
allow information to be obtained about the coefficient bD  from the experimental data. 
In this chapter we construct a consistent theory of high-frequency phenomena in a double layer 
single-crystal metal film when near the interface is an impurity layer that arises because of 
interdiffusion [88]. 
In the considered situation of a nonunlform impurity distribution, the probability W  of electron 
motion over a periodic trajectory without scattering depends essentially on the magnetic field H  
parallel to the surface. If the diffusion coefficient bD const=  and if a solubility limit exists, i.e.. the 
concentration of impurity atoms at the boundary of the sample 0(0, ) 1 (D DC t C t= <  is the 
diffusion-annealing time), the function W  for carriers that touch the surface of the sample has the 
form 
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Figure 21.  The cut-off of electron trajectories in the surface layer of impurity atoms in parallel 
magnetic field. 
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Here 1τ  denotes the characteristic mean free time of electrons near the boundary 
1
1 0 0, F effx d v n Cτ σ−= ≅ .  For simplicity, we assume that the Fermi surface is a body of revolution 
with its axis coinciding with the direction of the vector H . The probability W  is an almost step 
function of the Larmor radius and decreases sharply as r  increases over a narrow interval 
1 1/ 22 ( )W b Da D tδ −=  near the value ( )( )1/ 21 1/ 2 2 ,b Dr r d a D t= = −  where 1r  is the root of the 
equation 2 0.rW ′′ =  When ( )1/ 21 1F b Dl v D tτ= <<  coefficient 
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                                               (8.37) 
and the quantity Wδ  is substantially smaller than the thickness 0x  of the, layer with a high impurity 
concentration ( )1/ 20 2 b Dx a D t= . 
Under the conditions of an anomalous skin effect, when the depth of the skin layer δ  is 
substantially smaller than the radius r  and the characteristic carrier mean free path l  ( , )l d r>>  in 
the bulk of the sample, in order to calculate the surface impedance Z  the RF electric field must be 
determined from Maxwell equations (5.7). The relation between the corresponding components of 
the field and current (5.8) is found by solving the Boltzmann kinetic equation (2.1) in which the 
frequency  1 ( )xτ −  of  bulk collisions is a function of the x  coordinate, 
       1 1 10 1 0( ) , ,2 b D
d xx Erfc d x
D t
τ τ τ− − − ⎛ ⎞−= + >>⎜ ⎟⎜ ⎟⎝ ⎠
                                      (8.38) 
where 10τ −  describes the "background" electron scattering in the bulk of the sample. The second 
term on the right-hand side of formula (8.38) is due to the carrier scattering in the layer of diffused 
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atoms and is considerably different from zero when the distances from the surface x d=  are 
smaller than  0x  or of the same order of magnitude. 
If the scattering of carriers that glance along the metal surface  0x =  and do not leave the skin 
layer during their mean free time 0τ  is nearly specular, then the formula for the impedance Z  can 
be written as 
0 ,Z Z Z= + Δ                                                      (8.39) 
where 0Z  is the impedance of the metal in the main approximation with respect to the anomaly 
parameter / rδ  which is a smooth function of the magnetic field (see Eq.(5.48)) and ZΔ  is a small 
correction to  because of carriers that execute periodic motion in the bulk of the metal and enter the 
skin layer. 
In the geometry under discussion, when there is a layer of impurities at the surface x d=  that 
scatters electrons diffusely, the singularity discontinuity in the derivative of the impedance with 
respect to the magnetic field is due mainly to the cutoff of electron orbits with extremal diameter 
2r . Therefore, even when analyzing the surface impedance of the film we assume that the electron 
time of flight through the skin layer is much shorter than the effective electron mean free time 
1ω −∗ , i.e., the inequality (5.9) is satisfied. 
First, we consider the radio-frequency range ( )10/ 1,ω ω ω τ∗ ∗ −Ω << = + . If the characteristic 
distance Wδ , at which the probability ( )W r  changes, is considerably smaller than the skin-layer 
depth δ , then when 21 /D bt l D<<  ( 1l  is the carrier mean free path near the interface x d= ; 1l l<<  
) a situation arises similar to that in a thin slab, where one face is specular and the other is diffuse. 
The appearance of RF size effect line is attributable to an abrupt change in the number of bulk 
electrons (noninteracting with the boundaries of the sample) that return to the skin layer in a field 
1H H= , in which 
1 1 02 ( ) 2 ,er H r d x= = −  
  ( ); / 0e ze z z zer r p r p for p p= ∂ ∂ = = .                                         (8.40) 
The amplitude and width of the RF size effect line are determined by the distribution of the RF 
field in the skin layer and the position of the line as a function of the magnetic field (and the hence 
quantity bD ) is determined from formula (8.40). When 1er r δ− <<  the derivative /Z H∂ ∂  is  
          
3 1
10
1 2
00
8 ,
z
kZ rC cth
H k pce k H
ω πγ
−⎛ ⎞ ⎛ ⎞∂ ∂≅ ⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠⎝ ⎠
                                      (8.41) 
where 
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Formula (8.41) for /Z H∂ ∂  has a singularity at ( ) er H r=  because the derivative / zr p∂ ∂  equals 
to zero for electrons with an extrermal radius of trajectory. 
In the case of long diffusion annealing times, when Wδ  becomes greater than δ  but as before the 
inequality 0W x dδ << <<  is satisfied, the intensity and width of the RF effect line depend on the 
nature of the impurity distribution in the boundary region, 
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In the microwave region ( )ω > Ω , the absorption of energy by an electromagnetic wave is a 
resonant process. If the magnetic field is so weak that none of the orbits with an extremal period HT  
of electron motion fits within the pure region of thickness 0d x− , then besides electrons near the 
reference point on the Fermi surface, carriers whose orbit diameter 2r  and Larmor frequency Ω  of 
motion satisfy the equalities 
             1 0 12 ( ) ; ( ), 1, 2,3,...r p d x n p nω= − = Ω =  ,                                   (8.43)  
can also participate in the resonance. The effective cutoff of the electron trajectories by the impurity 
layer occurs only when 0/ 1/w rδ ωτ<  i.e., when the width 0/z Fp pδ ωτ=   of the strip on the 
Fermi surface that corresponds to the resonance electrons is considerably greater than its smearing 
/F Wp rδ  as a consequence of the indeterminacy of the position of the center of the cutoff orbit. 
When the inequality 0/r δ ωτ>>  is satisfied, as in a slab with a pure surface [101], the RF 
impedance has a logarithmic singularity near the resonance (8.43). The resonant correction ZΔ  to 
the part of the impedance that is a monotonic function of the magnetic field for 1γ <<  is 
determined by the parameter 0 /Ww rδ ωτ= , which characterizes the decrease in the amplitude and 
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width of the resonance line caused by the smearing of the boundary of the layer of impurities. If the 
resonance mismatch is small, [ ]1 (1 )nωΔ << = Ω − Δ , then the expression for ZΔ  has the form 
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All the functions of the momentum in formula (8.44) have been taken for the value 1zp p= , as 
determined by Eq. (8.43). In deriving Eq. (8.44), we assumed that ( )1/ 2 0/r δ ωτ>> , but this result 
remains qualitatively valid when 0/r δ ωτ>> , as well. If the opposite inequality, i.e., 0/r δ ωτ<<  
is satisfied the derivative of the impedance has a logarithmic singularity. 
Thus, the observation of a size-effect cyclotron resonance besides RF size effect in a DLF, which 
has undergone diffusion annealing, allows the diffusion coefficient D  to be calculated from the 
shift of the resonance frequencies. Formulas (8.41), (8.42), and (8.44) give the solution of the 
formulated problem, since they determine the amplitude of the RF size effect lines and resonance 
lines, whose position is found from the formulas (8.40) and (8.43), respectively.  
CONCLUSION 
The main feature of electron transport in multilayers distinguishing them from bulk conductors, is 
the interaction of charge carriers with the internal boundaries, which affects significantly the 
dependence of the kinetic coefficients on the layer thickness and external fields. 
The dependences of the specific conductivity σ  of a double-layer conducting film (DLF) on its 
size differ considerably from the corresponding dependences for a monocrystalline sample. For a 
small thickness of the deposited layer ( )2 1d d<< , its contribution to the conductivity of a DLF is 
insignificant, but its absolute magnitude σ  differs from the corresponding value for a single-layer 
plate in view of the possibility of electron scattering the interface. With increasing layer thickness 
( )2 1d d≤ , the value of σ  decreases since the increase of 2d  leads to a simultaneous growth of in 
the relative number of charge carriers scattered at the interface (their mean free path is of the order 
of  2d ). In the range 2 1 ,d d>  the variation of the conductivity σ  depends on the purity of the 
conductor layer being deposited. If the bulk value 0σ  of the deposited layer is smaller than the 
value σ  for a DLF with a thin coating ( )2 0d → , the quantity σ  decreases monotonically 
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( 0σ σ→  for 2d →∞ ). If the inverse inequality is satisfied, the conductivity σ  attains a minimum 
for layer thicknesses of the same order of magnitude, and then increase monotonically, approaching 
asymptotically the bulk value 0σ  for the deposited layer. 
The analysis of the oscillatory dependence ( )osc Hσ  of the conductivity of a DLF on the 
perpendicular to the surface magnetic field H  (Zondheimer oscillations) makes it possible to 
determine the degree of diffuseness of the interface and the probability of tunneling of electrons. 
The amplitude of the oscillations associated with the dimensions of the individual layer does not 
depend on the ratio between the probabilities P  and Q of reflection and transmission, respectively. 
Therefore, the investigation of ( )osc Hσ  may prove to be the method of obtaining the information on 
the diffuseness parameter for electron scattering at the interface.  In the strong magnetic field 
applied parallel to the surfaces, the presence of interface improves the conducting properties of the 
DLF due to the concentration of electrical current near the interface (static skin-effect).  
If the radius r  of the electron trajectory in the magnetic field of spontaneous induction B  is 
comparable with the ferromagnetic layer thickness, the conductivity of a magnetic multilayer 
(MML) is sensitive to the direction of the current flowing parallel to the boundaries. The MML 
conductivity perpendicular to the vector B  depends significantly on the probability of tunneling of 
electrons through the boundary, and on the mutual orientation of the magnetic moments for quite 
large values of tunneling probability Q .  
Andreev reflection of carriers at n s− boundary leads to an entirely different dependence of the 
high-frequency (HF) surface impedance of a thin normal-metal layer on the magnetic field 
compared with the impedance Z  of a thin metallic plate. When the layer thickness d  and Larmor 
radius satisfy the inequality  2r d r< < , a narrow HF-field spike is produced inside the layer. If the 
electrons are specularly reflected from the surface, the carriers, gliding over the boundary and 
landing periodically in the spike, produce the resonance that is not observed in either bulk or thin 
conductors in the normal state. In the same magnetic-field range, at any electron scattering from the 
layer surface, resonance should be observed at frequencies corresponding to the cyclotron 
resonance frequencies. In a weak field H , at which r d> , the behavior of the impedance as a 
function of the magnetic field depends essentially on the state of the sample boundary. In the case 
of the specular reflection the resonant H dependence of Z  is preserved, while in the case of diffuse 
scattering the cyclotron resonance vanishes for r d> . At radio frequencies (RF) in the magnetic 
field interval r d δ− <  an abrupt change of impedance Z  takes place due to the contribution made 
to the HF current by the carriers that interact with the n s−   interface (δ  is a skin depth). This 
manifests itself in the onset of an RF size-effect line at r d= .  
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A number of resonance and oscillation acoustic effects nonexistent in the thin plates are found to 
occur in thin a layer of a normal metal adjacent to a superconductor. For 2r d r< < , the absorption 
coefficient of ultrasound propagating perpendicular to the surface of the sample and to the 
n s− boundary undergoes geometrical oscillations, and at sound frequencies ω  being greater than 
the Larmor frequency Ω  acoustic cyclotron resonance with the "bulk" period sets in. In weaker 
magnetic fields, such that orbits with the extremal radius are cut off, the behavior of the absorption 
coefficient Γ  as a function of H  depends strongly on the state of the external surface of the layer. 
For example, for the specular reflection the resonance dependence of Γ  on H  is formed mainly by 
electrons interacting both with the n s−  boundary and with the outer boundary. For the diffuse 
surface scattering, the resonance oscillations of Γ  are associated with carriers having a trajectory of 
nonextremal radius. If ultrasound propagates along the layer, an oscillatory dependence of the 
coefficient Γ  on a weak magnetic field ( )r d>  may take place only for the near-specular reflection 
of charge carriers by the surface of the metal.  
A metal interdiffusion influences essentially on the kinetic properties of DLF’s. At small 
diffusion-annealing times Dt , the characteristic penetration depth of impurities 0x  is smaller than 
the layer thickness id  and the size effects in DLF’s are determined by the width of the impurity-free 
region 0id x− . The coefficients bD  and gD  of bulk and grain-boundary interdiffusion, respectively 
may be obtained by measuring Dt  dependencies of electrical conductivity. The Fourier analysis of 
the dependence of conductivity on the magnitude of the strong magnetic field oriented 
perpendicular (or inclined) to the surface makes possible to find the period of Sondheimer 
oscillations with high accuracy and, therefore, the diffusion depth for impurity atoms to be 
calculated. The study of a size - dependent cyclotron resonance and RF size effect in a DLF, which 
has undergone diffusion annealing, allows the diffusion coefficient gD  to be found from the shift of 
the resonance frequencies.  
The experimental investigation of kinetic phenomena in metal multilayers and double-layer films 
can provide the most convenient method for obtaining information on the nature of scattering of 
conduction electrons at the interface and on the probability of penetration through it. The relatively 
simple measurements of the electrical conductivity and high-frequency impedance of DLF’s enable 
determining efficiently the rate of diffusion of impurity atoms in metals.  The study of the high-
frequency properties of thin normal-metal layers on superconducting substrate makes it possible to 
observe directly Andreev reflection of carriers, and to gauge its probability and the temperature 
dependence from the amplitude and width of the resonance lines. 
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